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SYMPLECTIC GEOMETRY.* 


By Cari SIEGEL. 


I. INTRODUCTION. 


1. Our present knowledge concerning functions of several complex varia- 
bles 21, ° - *,2m is much less far-reaching and complete than the classical 
theory in the case m = 1. If we want to proceed further, it seems reasonable 
to investigate, in the first place, a special class of analytic functions of m 
variables found by the following considerations: 

Let & be the Riemann surface of an analytic function of a single variable. 
On account of the main theorem of uniformization, the universal covering 
surface U of R can be conformally mapped onto a simple domain £, which is 
either the unit-circle | z| <1 or the finite z-plane or the complete 2z-plane. 
The conformal mappings of F onto itself form a group © of linear trans- 
formations, and the fundamental group of F is faithfully represented by a sub- 
group A of Q, discontinuous in #. By the introduction of the uniformizing 
parameter z, the general theory of the analytic single-valued functions on R 
is reduced to the theory of the automorphic functions with the group A. 

The group © is transitive, i.e., there exists for any two points z; and 22 
of F an element of © transforming z, into z:. Moreover, there exists for every 
point 2, of £ an involution in © with the fixed point z,, i. e., an element of 2 
identical with its inverse and transforming 2, into itself. Consequently FE is a 
sym.,. etric space, in the notation of Elie Cartan. The domain F is bounded, 
if we consider only the first case, the case of the unit-circle | z| <1; it is well 
known, that this occurs if and only if U has at least two frontier points. 

A generalization of the theory of automorphic functions to the case of an 
arbitrary number of variables requires the following three steps: 1) To deter- 
mine all bounded simple domains £ in the space of m complex variables, which 
are symmetric spaces with respect to a group © of analytic mappings. 2) To 
investigate the invariant geometric properties of HL, to find the discontinuous 
subgroups A of © and to construct their fundamental domains. 3) To study 
the field of automorphic functions in F with the group A. 

The first step has been made by Cartan; he obtained explicitly 6 different 
types of irreducible domains F, such that all other bounded simple symmetric 
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analytic spaces can be derived from them by analytic mappings and topological 
products. 

We shall consider more closely the second step. We restrict our researches 
to one of the six possible types, which is the most important for applications 
to other branches of mathematics. In this case, the number m of complex 
dimensions is $n(n + 1), with integral n = 1, the m variables form the ele- 
ments %: = (1S of a symmetric complex matrix 8 = (2x1) 
with n rows and £ consists of all points 8 for which the hermitian form 


n n 

> (| |?>— |?) in the auxiliary variables u,,- - -,Un is positive 
ket 

definite. 


The third step has already been carried out, in a former publication, for 
the special case of the modular group of degree n. It is possible to generalize 
most of those results, but we shall not do so in the present paper. 


2. Notations, definitions, results. All German letters denote matrices 
with complex elements; small German letters denote columns. The upper 
indices p and g in &') designate the number p of rows and the number gq of 
columns of the matrix %; instead of 2‘) and a‘?') we write more simply 
and a). If a,,---, a» are the diagonal elements of and if all other 
elements are 0, we write M —[a,,- --,a@)] and call & a diagonal matrix. 
The letter © denotes a unit matrix, and 0 denotes also a zero matrix. If 8 
is any matrix, B is the transposed matrix and 8 the conjugate complex 
matrix. We use the abbreviations @%S—A[B], WABS—A{B}. The 
inequality % > 0 means that % =’ is the matrix of a positive definite her- 
mitian form, i. e., &{r} > 0 for all r 0; obviously & > 0 means in the case 
of a real Y, that 2% — WY’ is the matrix of a positive definite quadratic form, 
i.e., > 0 for all real The trace o(M) of a matrix UW?) — (ayr) 


is defined by = > Ack. 


We denote by 8 = (z:) a symmetric matrix with n rows and variable com- 
plex elements %: =2u (1 SkSlSn); 3=X+ 19, where X = 3(8+ 3 ) 
and 9) = (1/21) (3 — 3) are the real and imaginary part of 8. The condition 
& — 38 > 0 defines a bounded domain £ which is obviously a generalization 
of the unit-circle. On the ‘other hand, the domain H defined by the inequality 
9) > 0 is a generalization of the upper half-plane. It is well-known that the 
transformation w = (az + b)/(cz +d) with real a,b,c,d and ad—be=1 
is the most general analytic mapping of the upper half-plane onto itself. In 
order to generalize this theorem, we have to introduce the symplectic group. 
The homogeneous symplectic group Q, consists of all real matrices 
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Yin 
Mm — 
Gi) Dm 
satisfying the condition 3[Mt] — B with 


0 
3=(_ 0 }. 


It is easily proved thai the transformation 

(1) W = (AZ + B) (C3 + D)* 

maps the domain H onto itself. These transformations form the (inhomo- 

geneous) symplectic group 2 obtained by identifying Yt and — M. 
THEOREM 1. Every analytic mapping of H onto itself 1s symplectic. 
The next four theorems generalize known properties of the - Poincaré 

model of non-euclidean geometry. For any two points 8,3: of H we define 

R(3, = (8 —B:) (8B — 31) (8B — (B— Bi). 


THEOREM 2. There exists a symplectic transformation mapping a gwen 
pair 8,3, of H into another given pair %,W, of H, if and only tf the two 
matrices R(3,3:) and R(BW,W.) have the same characteristic roots. 


Let d8 = (dz) denote the matrix of the differentials dz:. The quadratic 
differential form 


(2) ds? = 
is invariant under Q and defines a Riemann metric in H. 
THEOREM 3. There exists exactly one geodesic arc connecting two arbi- 

trary points 3,3, of H; its length p is given by 

~1+ 

with R= R(3, and 

1+ 


fo 2k +1 
THEOREM 4, All geodesics are symplectic images of the curves 
8 where pn are arbitrary positive constants 


satisfying > log? = 1. 
k=1 


Let X = (2%:), Y-* = (Ver) and dv be the euclidean volume element in 
the space with the n(m-+ 1) rectangular cartesian codrdinates zx1, Yui 


n 
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(l1=kS/1=n). It is easily shown that 2"'"-?)/*dv is the volume element 


for the symplectic metric (2). 


THEOREM 5. The Euler characteristic of a closed manifold F with the 


metric (2) is 
(3) X = Cn(— f dv, 
JF 


where Cc, denotes a positive rational number depending only upon n; in 
45 


256 


The theorems 6 and 7 are concerned with the generalization of the 
Fuchsian groups and their fundamental domains. Let A be a subgroup of the 
symplectic group Q. Two points §, YW of H are called equivalent under A, if 
(1) holds for a matrix Mt of A. The group A is discontinuous, if no set of 
equivalent points has a limit point in H. A domain F in H is a fundamental 
domain for A, if the images of F under A cover H without gaps and over- 
lappings. A domain F is called a star, if there exists an inner point 8, of F 
such that for every point 8 of F the whole geodesic arc between 8 and Bo 
belongs to F. 


THEOREM 6. A fundamental domain F of a discontinuous group & may 
be chosen as a star bounded by analytic surfaces and such that every compact 
domain in H is covered by a finite number of images of F under A. 


A discontinuous group A is called of the first kind, if there exists a normal 
fundamental domain F having the following three properties: 1) Every com- 
pact domain in H is covered by a finite number of images of F'; 2) only a 
finite number of images of F are neighbors of F; 3) the integral 


converges. The space H is called compact relative to A, if there exists for 
every infinite sequence of points 8, (& = 1, 2, 3,--:-) in H a compact sequence 


YW, such that Wz is equivalent to 8, under A. 


THEOREM 7. Jf H is compact relative to a discontinuous group A, then 
A is of the first kind and has a compact normal fundamental domain. 


Let us assume that a discontinuous group A has no fixed point in //, 
i.e., that no transformation of A except the identical one has a fixed point 
in H. Identifying equivalent frontier points of a fundamental domain F’, we 
obtain a closed manifold, if H is compact relative to A. The Euler number of 


& 


V(A) dv 
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this manifold is then given by Theorem 5. If H is not compact relative to A, 
we obtain an open manifold. It is probable that Theorem 5 still holds good 
for this open manifold, provided A is of the first kind; it may easily be proved 
that this is true in the case n = 1. 

The rest of the paper deals with two special classes of groups A defined 
by arithmetical properties. The simplest and most important example of a 
discontinuous subgroup of Q is given by the modular group T of degree n 
consisting of all symplectic matrices Yt‘°") with rational integral elements. 


THEOREM 8. The modular group of degree n is a discontinuous group 
of the first kind. 

Let K be a totally real algebraic number-field of degree h = 1, K( V—r) 
a totally imaginary quadratic field over K and s a positive number in K such 
that all other conjugates of s are negative. Let @") be a skew-symmetric 
matrix and §‘°*") a hermitian matrix, both with elements from K(V —r) 
and non-singular. We assume that all conjugates of § except § and § are 
positive and that & and § are connected by the relation $675 = GB. Let 
A(@, S) denote the group of matrices 1 with integral elements of K(V—r) 
satisfying the two conditions G[U] — G and ${U} —§. Then there exists 
a constant matrix © such that €*UC = Mt is symplectic, and €7*A(G, H)C 
== A(G,§) is a subgroup of O. The modular group T is a particular case of 
these groups A(, namely the case h = 1, G6 § 15, r—=1. 


THEOREM 9. The group A(G, ) is discontinuous and of the first kind. 
In the case h > 1, the space H is compact relative to A(G, $). 


For every ideal x of K(V—r), we denote by Ax(G, ) the congruence 
subgroup of A(G,) defined by the condition 1=€ (mod«), and by 
Ax (G, §) = (G, the corresponding subgroup of A(G, 


THEOREM 10. Let p be a prime ideal of K(V —r) and x the least 
power of p such that p is not divisible by x?"*, where p denotes the rational 
prime number divisible by p. Then Ax(G,) has no fixed point in H. 


On account of the .ueorems 5 and 10, the calculation of the integral 
V(A) for A= A(G, ) is important. Applying the Gauss-Dirichlet method 
from analytic number theory, we obtain in the case of the modular group of 
degree n a curious connection with Riemann’s ¢-function. Using the abbre- 
viation = T(t/2)£(t), so that €(1—t) is the functional 
equation of {(¢), we have 


= 
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THEOREM 11. The symplectic volume of the fundamental domain of the 


modular group is 


This formula may be written in a different way, suggested by the results 
of the analytic theory of quadratic forms. Consider a domain Q in the space 
of the real skew-symmetric matrices O'°") = (gx), with the rectangular car- 
tesian codrdinates qx: (1S k <1 2n), and denote by L the corresponding 
part of the space of the real matrices 2'°") defined by the condition 3[L] = Q, 
the codrdinates in Z being the 4n* elements of 2. Obviously Z is invariant 
under any mapping £-—> ML with symplectic Mt. Let Lo be a fundamental 
domain in L with respect to the homogeneous modular group, and let v(Lo), 
v(Q) be the euclidean volumes of LZ, and Q. We define 
(4) , 

where @ runs over a sequence of domains tending to the single point §. On 
the other hand, let p be a rational prime number and £, the number of 
modulo p incongruent integral solutions Yt of the congruence B[V] =F 
(mod p). Since there are, modulo p, exactly p"‘*"-") integral skew-symmetric 
matrices © and p*” integral matrices 2%, the expression 


d,(T) 


may be considered as the p-adic analogue of d)({'). As a consequence of 


Theorem 11, we obtain 
THEOREM 12. Let p run over all prime numbers, then 


d,(P). 
p 


It is possible to generalize this theorem for the case of an arbitrary group 
A(@, ) instead of I. 

Two subgroups A and A, of © are conjugate, if the relation A, = AS 
holds for a symplectic matrix %. More generally, A and A, are called com- 
mensurable, if they contain conjugate subgroups of finite index. It is impor- 
tant, for the theory of automorphic functions, to know whether two given 
groups A and A, are commensurable or not. Let A = A(G, §), A, = A(G,, §,) 
and let K,, 71, 8, have the same meaning for &,, §, that K,r,s have for G, §. 


THEOREM 13. The two groups A(G,H) and A(G,.9,) are commen- 
surable if, and only if, K = K, and the ternary quadratic forms rsx? — ry? + s2? 


and 118,27 —r,y? + s,2* are equivalent in K. 


f 


V(T) = 217 €(2k). 
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In the particular case n = 2, another class of discontinuous subgroups 
of Q is given by the theory of units of quinary quadratic forms. Let K be 
again a totally real field of degree h. We consider a quadratic form Z[r] of 
5 variables with coefficients from K and assume that {[r] has the signature 
2, 3, whereas all other conjugates of Z[r] are definite. Let A(Z) be the group 
of all integral matrices U in K satisfying T[U] — T, | W| —1. On account 
of the spin representation of the orthogonal group, either A(Z) itself or a 


subgroup of index 2 is then isomorphic to a certain subgroup A(Z) of Q. 
Concerning these groups A(2), there are analogues of the theorems 9, 10, 
12, 13; in particular, analogous to Theorem 9, we have 


THEOREM 14. The group A(Z) is discontinuous and of the first kind. 
In the case h > 1, the space H is compact relatwe to A(Z). 


It would be interesting to seek discontinuous subgroups of 2 which are 
not commensurable with any of the groups A4(@,) and A(Z). In the case 
n = 1, we may start with an arbitrary polygon satisfying certain conditions, 
and use the reflection method, but this simple geometric principle breaks 
down for n > 1. 
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(1941). 
II. THE SYMPLECTIC GROUP. 
4. The linear substitution z—i —. maps the unit-circle 2%) < 1 


onto the upper half-plane = (z—2Z) >0. We shall prove that there is an 


immediate generalization to the case n > 1. 

Let 3o be a point of E, i.e., 35 = 3’o, E — 3,30 > 0. If x is a solution 
of (€ — = 0, then — Bok, — and consequently (€ — 3030) {r} 
= ri — = 0, r=—0. This proves | € — 8, | 0 and the existence 
of the matrix 


(5) + 8.) (E— Bo) * = 8. 


Obviously 8 = 9’ and 


(8—8) = 4(E —8n)*((E + 8.) — 8.) + (E + 


= (€ — Boo) {(E — Bo)} > 0; 
hence 8 isg point of H. On the other hand, let 8 be an arbitrary point of H, 


ie, 3— 9, = (3— 3) >0. If is a solution of (3 + then 
1 
9; (8 — 8) = (St — 
——rr=0, r=0. This proves | 8+ and the existence of the 
matrix 


(6) (3 — €) (3 + €)* = Bo. 


= if, —— ir’ and consequently 
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Obviously 35 = 8’o and 

E — + i€)*((8 + (3 —1€)—(B — (3 + €)) (8 
— = (8—3){(8 + i€)*} > 0; 

hence 8» is a point of ZH. Moreover (6) follows from (5), and vice versa. 


5. The homogeneous symplectic group Q) consists of all matrices 


x 


with real elements satisfying DVSM—%. Since J-* —=—%, we have then 
also MIM’ — YJ; hence MY is symplectic and 
(7) AV’ — BY’, CL’ = DC’, AD’ — BC’ — &. 


Let 8 be a point of H, i.e., 


The matrices 13 + C8 + D—A satisfy 


,(3\_(F 145% 


WO — O'R, — O'R) > 0. 


If x is a solution of Or = 0, then Or = 0, = 0, — O’P) {x} —0, 
24 


whence r=—0, | OQ | 0. This proves the existence of 


(M3 + B) (C3 + D)* = PO" = B, 


with — W’, — W) {OQ} > 0, (%—W) > 0. Consequently the 
fractional linear transformation 

BW — (AZ + B) (CB + — (BC + (BW +B) 
maps H into itself. Since 8(— + W’) = — and 


Y 


we obtain | —@’R+ WM’ | and 8 = (D’*R— VY) (—CBW+ hence 
H is mapped onto itself. 


| 
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It is easily seen that two symplectic matrices Mt and Mt, define the same 
symplectic mapping W = + B) (C3 +D)-, if and only if M,— + M. 
Hence the inhomogeneous symplectic group © is the factor group of Q) 
obtained by identifying Mt and — M. 

We have 


0 G “a0. 
On the other hand | i + D | +0, since i€ is a point of H. This proves 
| Mt | —1. 


6. The fractional linear transformation (5) maps E onto H; its matrix is 


iE iE 


and satisfies 


with 


Let Yt be an arbitrary symplectic matrix, —F, B{PMt} 
Then 
») By 
3°) 


fulfills the conditions = J, KR{DMto} whence, J[Mto] 
Mos with 
0 € 
9), 

or more explicitly 

The corresponding transformation 
(10) Wo = (AoBo + Bo) (BoBo + Wo) 
maps £ onto itself, and all these transformations form the group L’7OL = Qz. 

We shall prove that Qg is transitive. Let 8» be any point of F, i.e., 
85 = Bo, E— 330 > 0. It is sufficient to prove the existence of a transforma- 
tion (10) mapping 3» into 0. We choose such that — 3030) = E 
and define 8) = — %.8,; then (9) is satisfied and (10) has obviously the 


required property. Consequently Q is also transitive. 


= 213, — 28 

0 
—( 0 
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A mapping of Q, has the fixed point 0, if and only if 8, —0; then A, 
is unitary, by (9). Consequently this mapping has the particular form 


W3Zoll, 


where U1 denotes an arbitrary unitary matrix, i. e., a matrix satisfying WU = €&. 
Since (5) maps 0 into iG, the formula 
— iE 3 — 


| 


W + iE 3+ ae 


gives all symplectic transformations having i€ as a fixed point. 


7. By the results of the preceding section, the proof of Theorem 1 is 
reduced to the proof of the following statement: Let 8. — Wo be an analytic 
mapping of E onto itself with the fixed point 0; then Bo=—W3U with 
unitary constant UU. 

Let 8o = (21) be an arbitrary point of and denote by (k —1,---,n) 
the characteristic roots of the hermitian matrix 3.30; then 7; = 0 and also 
<1, by E— 2,3, > 0; we may assume 0S 7, Sr, Sr < 1. The 
matrix 8 =?» is again a point of F, if the complex scalar factor ¢ satisfies 
the condition r,t? << 1. Let % = W(t) be the image of 8 under the analytic 
mapping 8) — Wo. The elements of the matrix W are analytic functions of 
the single complex variable ¢t, for given 8; they are regular in the circle 
r,tf <1 and a fortiori in the unit-circle té = 1. Consequently 


(11) W > 1); 
k=1 


where the coefficients YW, are matrices depending only upon 3o. On the other 
hand, % may be expressed as a power series in the variables tz, converging 
for sufficiently small values of ¢#. Since this expansion is unique, the matrix 
(*X, is exactly the aggregate of the terms of order & in that power series. 
This proves, in particular, that the power series representation W, = > W,. 
k=1 
converges everywhere in £, if we do not split up the polynomials %&; into 
their single terms. 
Since 8) — WW, maps F onto itself, we have € — WW > 0 for t?—1. 
Integrating over that circle we obtain 
{ (€— Bs 0, 
( a) > 
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whence by (11) 


(12) FBR >0 
k=1 

and in particular 

(13) E — WW, > 0. 


The $n(m + 1) elements wz, (1 =k S1Sn) of W, (wer) are linear 
functions of the independent variables a, (1S kS1<n); let D be their 
determinant. Since W, is the linear part of the power series for W,, the 
functional determinant of the 4n(n + 1) independent elements of 2&8, with 
respect to the variables 2: is also D, at the point 35 —0. If we interchange 
YW, and $o, the determinant D is replaced by D-'. In order to prove Theorem 


1, we may therefore assume DD = 1. 
Consider now the linear mapping 8)— %., with the determinant D. By 


(13), the domain £ is mapped onto a domain EF, contained in FE. Let v(F) 
and v(#,) be the euclidean volumes of # and F,, the real and imaginary parts 
of the being rectangular cartesian codrdinates. Then v(E,) = DDv(E) 
= v(E£), whence DD =1, FE, = and the boundary of EF is mapped onto 
itself. We take 835 = with unitary U and [p,,- -, pn] ; obviously 
30 is a boundary point of #, if —-1=p,=1 (k—1,---,n) and at least 
one ~ = +1. On the other hand, the determinant | EC — WW, | is a poly- 


nomial in p;,° - -, pn, of total degree 2n. Since | € — W,%W, | vanishes on 


the boundary of EF, this polynomial is divisible by J] (1— p,’), of total 
k=1 

degree 2n. Moreover the constant terms in both polynomials have the value 1; 

hence 

for 85 = WU, where U is an arbitrary unitary matrix and ¥ an arbitrary 

real diagonal matrix. We use now the following lemma, the proof of which 

will be given in Section 9. 

Lemma 1. Let 3 be a complex symmetric matrix and 8 the diagonal 
matrix dn#], where denote the characteristic roots of 33. 
There exists a unitary matric U such that 8 = WPU. 

On account of this lemma, the relationship (14) holds also identically in 
Bo = (21). Since YW, is linear in all %1, we obtain 

| AE — WW, | — | AE — 3080 | 
identically in A. This proves that B30 and 98,98, have the same characteristic 
roots. Applying again Lemma 1, we find 
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(15) 
with unitary WU. 

By (12), the inequality — — > 0 holds for — 2, 3,--- 
and every 3» in Choose, in particular, 85 —wexpi©G with real sym- 
metric © and 0<w<1. Then, by (15), 

(1 — wu?) E — > 0 (k = 2,3,---); 
hence YW, tends to 0, if uw tends to 1, and W—0O for 3,—expiS and 
arbitrary real symmetric ©. But YW, is analytic and consequently W, —0 
ulso for with complex symmetric This proves that 
vanishes identically. 

8. In order to complete the proof of Theorem 1, we have to prove that 
the unitary matrix U in (15) can be chosen as a constant matrix. Let 


(16) W, = = wi Axi 
with constant matrices Myx, and define 
(17) — (Bo) =D 
whence = Iw, * (Bo). Now %,28, = for 2,30 = € and consequently 
(18) (8.0) (B07) = ¢ 
for 85 = exp with arbitrary real symmetric ©. Since WW, and %,* are 
analytic, we infer again that (18) is an identity in Qo. 


Putting za, = +0 (k —1,:--,n), 3: = Be Bo — Bi 


and using the Taylor series in the neighborhood of 8. = 0, we find 


§:7(€ + $23:7)7 = 8,7 — 8:732.3:7 +: 


(81 (381) + Wi (82) ) — (81782817) = 


hence in particular 


(19) W, (81) W.* (B17) = G, 
(20) W, (82) (B17) = BW. (817323817). 


It follows from (16), (17) and (19) that 


n - 
k,l=1 


with (k =1,° -,n), whence 


(21) (kl). 
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By (15), the matrix 1,9, has the characteristic roots 1,0,- - -,0. Without 
loss of generality, we may replace YW, by 11,’2%8,11,, for any constant unitary 
matrix U,. On account of Lemma 1, we may therefore assume that 
YW, = [1,0,---,0]. Then, by (21), the matrices %.,---,%, have the form 


0 0 
= (4 (k= +,n). 


By induction, applying again Lemma 1 and (21), we may assume 


We = * * Cen] (k= 1,---,n) 


with = 0(k and ex —1; hence 
(22) (3:) = 31. 
It follows from (20) and (22) that 
(B2) = (81732817) 


whence 
Consequently 
WS, = 
with real ai, and ax —1. Since the matrix [+1,+1,---,+1] is 
unitary, we may, moreover, assume a,; = 0 (1 —=2,---,n). 


The expression | %,| | 80 |-? is a rational function of the z: and has, 
by (15), the constant absolute value 1; hence it is identically constant. On 
the other hand, both determinants | %,| and | 8,| contain the term 
* *%,==2z With the same coefficient 1. This proves | WW, | =| 3o|. 
The term (l= 2,:--,n) has in | the coefficient — 
and in | the coefficient —1, hence 1. The term (212421) 
(1<k <1) has then in | &, | the coefficient 2a,: and in | 8o| the coefficient 2, 
hence a: = 1 and WW, = Yo. 


9. It remains to prove Lemma 1. There exists a unitary matrix U, 
such that 
83 = 


Then the matrix 8[U,7] is symmetric and Let and Fe be 
the real and imaginary parts of 3 = 3. + i. Since ¥ is real, we obtain 
= Consequently the two real symmetric matrices and are 
permutable. This proves the existence of a real orthogonal matrix © such that 
%1[] and are both diagonal matrices. Hence is also a diago- 


| 
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nal matrix and RR —Y2[O]. The numbers (k 
are therefore a permutation of q:,- - *,@n, and we may obviously assume 
= 

The diagonal matrix with (k=1, 
is unitary and $[U.] —R. Defining we have P[U] R[O'U, 
= = 3; ged. 


10. Consider the symplectic mappings in the case n = 1, i.e., 


az +b 
cz +d 


with real a, b,c, d and ad —bc =1. It is well-known that there exists a trans- 

formation (23) mapping two given points z,z, of the upper half-plane into 

two other given points w, w, of the upper half-plane, if and only if R(z, 2) 
Z—2, 


= R(w,w,), where R(z, 2,) denotes the cross-ratio . Theorem 2 


(23) w= 


is the generalization to the case of an arbitrary n. 
Let 8, 8: be two points of H and %, WW, their images under the sym- 
plectic mapping = (43 + B)(C3 + with the matrix Mt. We have 


(24) 8 = (8:6)3 (3) (3 ) 

= (€3: + D)’ (Wi — BW) (CB + D), 
(25) 8: — 8 = (C8, + D)’(B: — B) (C3 + 9). 
Now (3 — 8:)7— exists, since 8 — 9; is a point of H; consequently 


(3 —3:)(8—3:)" 
= (3,0’ + 9’) (BW — B,) + 


Introducing the cross-ratio 

RK — R(B, (8 — 31) (8 —8:)4(8 — 81) (8 — 
and putting — RK(W, W,), Q (CZ: + D)’, we find 
(26) — OR*O1. 


Hence the matrices 3t and #* have the same characteristic roots. 
Choose in particular 8:.—i€, 8 with T—[t,,---,tn] and 


n= (b—=1,+ +n), 


te +1 


q 
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whence 07, < 1 and 
(27) 


In this case, the diagonal matrix Z is uniquely determined by the character- 
istic roots 7;,° - -,7 of 9. In order to complete the proof of Theorem 2, 


we have only to prove 


LemMMA 2. Let 8,3, be two arbitrary points of H. There exists a sym- 
plectic transformation mapping 3, 8, into ii, i€ with T —[t,,- -, tn] and 
6. 


Since © is transitive, we may already assume 8, —1€. If T= [t,,---, tn] 
with %,5---St,, then —E) (T+ E)7 — - pn] 
with pe = (4 —1)(& +1)? 
and vice versa. By (5), (6) and the results of Section 6, we have only to 
prove that there exists for every point 8 of F a unitary matrix U1, satisfying 
= 8 = pn] withhOS pS pn <1. This follows 
from Lemma 1: We choose = and px = qi’; since qn are the 
characteristic roots of the hermitian matrix 83 and € — 33 > 0, we may 
assume - -SQn<1, and pn have the required 
property. 

On account of the symplectic invariance of the characteristic roots 
T1,°° of 3:1), the diagonal elements of T are given by (27). 
This proves that those characteristic roots are always real numbers of the 
interval 0=r < 1. 


III. THE SYMPLECTIC METRIC. 


11. We consider the cross-ratio 
R = (3 — 31) (3 — 31) — 81) (8 — 
as a function of 8, for any given 8 in H. Since the two factors 8 — 8, and 
3 — 8, vanish for 3, — 3, the second differential of R, at the point 3, = 3, 
has the value 
PR 243 (3 — 3)*d3(3 — = ABN", 


where 9) denotes the imaginary part of 8 =X + 19). On the other hand, by 
(26), the trace of is invariant under any cogredient 
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symplectic transformation of the points 8,3:. Moreover d*o(®) =o(d*®), 
and consequently the hermitian differential form 


(28) ds* = 
is invariant under 2. Introducing X = (a%:) and Y = (yxr), we obtain 
(29) ds? = o + 


and in particular, for 3 = iG, 
ds? = =. ( ) +22 ( 
k=1 


Since © is transitive in H, the quadratic differential form, ds* is obviously 
positive definite everywhere in H. 

Let us determine the most general quadratic differential invariant Q of the 
symplectic group. On account of the transitivity of 2, we have only to find Q 
at the point 8 = i€ of H or, if we use the variable 35 = (8 —i€) (8 + i€)* 
already defined in (6), at the point 85 0 of Z. Then Q becomes a quadratic 
form of the elements of 6 = d3, and S == d, which is, by the result of 
Section 6, invariant under all transformations 6 ~ WSU with unitary U. 
By Lemma 1, there exists for any complex symmetric © a unitary matrix U, 
such that = —[p,,- +, pn] with real m (kK —1,---,n), where 
the px” are the characteristic roots of SS. This proves that Q is a quadratic 
function of p,,---, pn alone. Let ki,---,kn be a permutation of the num- 
bers 1,---,n and e (J=1,---,n) a fourth root of unity; then the 
matrix ll, of the substitution s,,—> es; (I =1,---,n) is unitary and 
= Qn] with gi = 17%, = + pr, (I =1,---,n). Hence Q is a sym- 


metric polynomial in 7,7,° , pn’, 
n one 
= r40 (SS) 
k=1 


with constant A. Consequently any quadratic differential invariant of the 
symplectic group is a constant multiple of ds. 


12. We are now interested in the properties of the geodesics for the 
symplectic metric (28). In order to find the shortest are connecting two 
arbitrarily given points 8, and 8. of H, we have, by Lemma 2, only to investi- 
gate the special case 8, — 1€, 8. =i —i[t,,---, 
moreover, we may obviously assume 8:5 Yo, i. e., fn > 1. Let now 3 = 8(u) 
be any curve connecting these two points in H and having a piecewise con- 
tinuous tangent, 8(0) 8(1) We may put 


2 
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+ 1O[N], 


where = with >0 (k—1,---,n) and D denotes a real 
orthogonal matrix ; moreover X, 0, have again piecewise continuous deriva- 
tives; O—=€, O—€, X=—0 for u—0; X=—0 for u—1. 
This arc has the length 


1 
f (989-3) du, 
0 
where the dot denotes differentiation with respect to wu. 
By (29), we have s => s,, where s, denotes the length of the curve 
(30) 8 = 10[D] 


also connecting 8, and 3s, and s > s,, if both curves do not coincide. 

We use the abbreviation a (fxr). Since OD’ = &, we have 
OLY = — OL, and consequently % is skew-symmetric. Differentiating the 
equation OYO’ —= O, we obtain 


ONO’ — O —FO + OF 
O7(Q — FO + 0F)07(Q — FQ + OF) 
+ + O70070 — 
= 20 — + o(Q7O07Q) 
(31) (ge — 41)" + 
On the other hand, the formula 
(32) Ox? = (1.01 + CnQn)? +4 (cxQi — 
k=1 Cy 


holds for ¢,? + - --+ ¢,? and in particular with 


log t (k—1,--+,n), 
k 
where 
(33) p (Slog? > 0. 
k=1 


By (31) and (32), 


1 
Sy f (c:Q1 +: + CnQn) du = 2 log =p, 
0 


a 
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with the sign of inequality, if not all the three conditions 


(34) fur — qr) = 0 (k,l =1,- 
(35) — = 0 (k,l=1,:- 0), 
(36) = 0 
k=1 

are fulfilled. By (35), 

log tn log qx = log tz log qn (K=m1,---+,n), 
whence 
(37) Qk = (4 1) 


with y= y(u), y(0) =0, y(1) =1. By (36), the function y(w) is mono- 
tone. By (34) and (37), 
fri (te — ti) = 0 
+ TOLX’ = 0 
= O'TO + —0 


consequently TO = OFT and, by (37), also OO = OD. This proves, by (30), 
that the minimum p of s is attained, if and only if 3 =1[t,7,- - -, tn7], 
where y(w) is a monotone function with y(0) =0, y(1) =1. We may replace 
y(w) by and obtain the curve 8 =7[t,",- +, as the unique solution. 
Introducing the length of arc r= pu, we have 8 =i[e%7,- - -,e%7] with 


13. Let 8 and 8, be again two arbitrary points of H. By (33) and the 
results of Section 10, the symplectic distance p = p(8, 81) is given by 


(38) p —= 2 log ee 
where 1;,°** , 7» denote the characteristic roots of the cross-ratio R = R(8, 3:). 
Since | 
1 72 yk 2 
2 — 
log (335) (0=r< 1) 
and 
> = o (KR?) (J = 1, 
we may write 
1+? 
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with 


log (3 - 


By the results of this and the preceding section, Theorem 3 and Theorem 4 


are completely proved. 


14. In order to calculate the differential equation of the geodesics and 
the tensor of curvature, we determine the first variation 6s. We consider any 
curve = §(s) (0 where the parameter s denotes the length of 


arc. Then = 1 and 


19 a= 9-397 = and denoting by R the 


Using the ¢ 
real part, we find 


— (BIY" + — 93) 
= 5 — 83) 9" 
B= 9°89" + — (B+ BV. 


whence 

— + 18973) 9-88) as. 
Consequently 
(39) 8 =— 


is the differential equation of the geodesic lines. 

It is easy to perform the integration without using Section 12. On account 
of the symplectic invariance of the geodesics and the transitivity of Q, it is 
sufficient to integrate (39) for the initial point 8 =7€ and an arbitrary 
direction 8 —@ through this point; obviously o(RR) =1. By Section 6, 
the mapping 

,3—€ 


is symplectic for arbitrary unitary 1. Under this mapping, the direction & 
through i€ is replaced by WRU. By Lemma 1, we can determine U such that 
WRU = 1G gn] with OS 9, S-- -S Qn; since o(RR) = 1, we 
have g.?>+:---+gn?=1. It is now sufficient to integrate (39) for the 
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initial conditions 8 =1€, 8 =1G. Obviously the solution is 8 =iexp sG. 
Consequently the most general geodesic line is 


(1B +B) (CB -, em], 


where the left-hand side is an arbitrary symplectic transformation of 3 


and 9:,°°°*,9n are arbitrary real numbers with 0Sg,S---S@Qn, 


15. We shall now establish directly, without using Section 12, that 
there exists exactly one geodesic through two arbitrarily given points 8, and 
828, of H. We may again assume 3, — 12 =i[t1,- -, tn], 


n 
p= (> log? t.)4 > 0. 
Defining 9; = p™ log (k -,n), we obtain the geodesic line 
(41) 3 =texp 
Since (40) is the most general symplectic mapping with the fixed point iG, 
any geodesic through this point has an equation 


,,, exps$—E 

(42) e u 

with unitary U and § = hn], OS hy + = 1, 
If this curve goes also through the point 8 = 7= of (41), we obtain 


Ga ent. y- € —exp u 
for a certain s) > 0, whence = exp 8, so = pG, so =p, H = G. More- 
over Ul and (exp 5. — €) (exp so + €)-* are permutable, hence also U and 
(exp s§ — (exp + Putting s—p in (42), we find WU—GE, 
and consequently the geodesics (41) and (42) coincide. 
This result proves again, by a general theorem from the calculus of 
variations, that there exists exactly one shortest arc between two arbitrarily 
given points of H. 


16. By the minimum property of the geodesic are, the symplectic dis- 
tance p(3:, 32) satisfies the triangle inequality 
83) S p(Br, 82) + 8s) 


for three arbitrary points 31, 82, 8; of H, and the sign of equality is true, if 
and only if 8. is a point on the uniquely determined geodesic arc between 3: 
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and 83. Obviously p(8, 8:) is a continuous function of 8. If G is any com- 
pact point set in H, then p(8, 8:1) Sc for all 8 in G, where c is a positive 
constant depending only upon 8, and G. Let us prove that also the converse 
statement is true: If c¢ is an arbitrary positive constant and 8, any given 
point of H, then the inequality p(3,3:) = c defines a compact set G of points 
8 in H. It is sufficient to prove this in the special case 8, —i€. By the 
definition of the cross-ratio, 


i€) 
where 85 = (3 — 1€) (8 + 1€)~ is the image of 8 under the transformation 
(6) mapping H onto £. We infer from (38) that the characteristic roots r; 
of the hermitian matrix 3.3. satisfy an inequality 
1 1,---,n) 
for all 8 with p(8,8:) Sc, where 3 depends only upon c. Since an arbi- 
trary symmetric matrix 3 is a point of F, if the characteristic roots of 3030 


are < 1, all limit points of the images 8» of the points 8 in G belong to E 
again, and consequently G is compact. 


17. Let 
(43) ds? == 


k, 
be a Riemann metric in an m-dimensional space and let 
m 


— LY (pq, (k= -,m) 
p,q=1 


be the differential equations of the geodesics, so that {pq, hk} denotes the 
Christoffel symbol of the second kind. The Riemann tensor of curvature F is 
obtained in the following way: Define two covariant differentials 5,u, and 


5.Ux by 
(44) — {pq, k} (r = 1, 2) 
then 
(45) R =D (8,8. — 8.8, ) ur = 
kyl k.l.p.q 


where UU, V1, 8;%p, d2%q are the components of 4 covariant vectors. 
In the case of the symplectic metric (28), the differential equations of 
the geodesics are given by (39). Instead of (44), we may write now 


= + 397U (r=1,2 


with complex symmetric U = (ui), and we obtain 


) 
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— 48,8. = (93,3 + 98.8 + 8.397 + 8.39") 


(46) 4 (8,8, — 8.8,)U = + 
where 

(47) = 8,398.3 — 
Introducing 

(48) = 119-8 — 


with complex symmetric 8 = (v%:), we find, by (28), (45) and (46), 


4R = + 


(49) 5 
= = — 


In order to determine the Gaussian curvature, we have to take two arbi- 
trary different directions 6,3 and 8.38 at the point 8 and to choose U = 8,3, 
6,83. Then. 


R= — = 0, 


where the sign of equality is true only for § —0. Consequently the curvature 


is negative for 8,398.3 ~ 82 39)-1§,8, and 0 otherwise. 
1 


ds? ; 


It may easily be seen, that the contracted tensor of curvature is 


hence we have an Einstein metric with cosmological term. 


18. Allendoerfer and Fenchel proved independently the following gen- 
eralization of the Gauss-Bonnet formula concerning the curvatura integra of 
a closed two-dimensional surface. Let F be a closed manifold with the Riemann 
metric (43) and an even number m of dimensions. For every permutation 
+ *,km of the numbers 1,- --,m we define «&,...x, = 1, if the permu- 
tation is even, and = —1, if the permutation is odd. Let g be the determinant 
| gx: | and 


where the summation is extended over all permutations k,,---,km and 
++, m of +, m3 moreover let dw be the volume element in the given 
metric. Then the Euler characteristic of F has the value 


(51) (MET) Kdw. 
F 


For practical purposes, the sum on the right-hand side of (50) may be 


24 CARL LUDWIG SIEGEL. 


calculated in the following manner: Determine the single terms of the 
polynomial 
Rm/2 — 


In the case of the symplectic metric, the transitive group Q of isometric 
mappings exists, and consequently the invariant K is constant in the whole 
space H. In order to find this constant value, we may assume 8 =i. Writing 
11*, B* instead of 8,8, 6.3, we obtain, by (47), (48) and (49), 


R = fo(Q0*) 


with 
QD = US — Bu, O* U*V* — VF 
where U, B, U*, B* are indeterminate symmetric complex matrices. Hence 
with 
n n 


r=1 r=1 


where k,,1,,- - -,kv,ly run independently from 1 to n. We choose 


Let us denote the v elements (1 Sk n) of U= in lexico- 


graphic order by w,- - - uy, their conjugates by Uy," * *, Um, and introduce 
the corresponding notation for the elements of ¥, U*,¥*. Replacing every 
term * UgmsVom 1D DY We get the expression 
2 With 
(53) ™ 
where g:,° *,9m run over all permutations of 1,- - -,m such that the m 
conditions 

Ukyrn = Ugen» Vinrn = Voor (h —=1,---,») 


have a solution 7:,- - -,7. By (52), the sum of the right-hand side of (50) 
has, for 8 = iG, the positive integral value 
(54) On = . kvive 


Moreover g is the determinant of the quadratic form o(9d39-d3) of the 
variables and d& hence 


g — (— 1 


| 
m n(n +1) 
9 
i 
| 
| 


SYMPLECTIC GEOMETRY. 


for 8 = iG, and consequently 


(55) K = 
On the other hand, 
(56) dw = | 9) (daxidyx1) = x1) 
with Since 


we obtain, by (51), (55) and (56), 


x= (— a) dv, 
F 


where the positive rational number 


An 
(nF 0) 2]! 
is defined in (53), (54) and 
(57) dv =U Y x1) 
<1 


denotes the euclidean volume element in the space of X, 9)-1. 
We find by direct calculation a, = 1, a2 = 6-3!, aj = 90-6! and there- 


fore c, = 4, co = 4, = but a simple explicit formula for am and ¢n 


256’ 
in the case of an arbitrary n is not known. 
The proof of Theorem 5 is now accomplished. 


IV. DISCONTINUOUS GROUPS. 


19. A group of mappings of H onto itself is called discontinuous (in H), 
if for every 8 of H the set of images of 8 has no limit point in H. Since H 
can be covered by a countable number of compact domains, the number of 
elements of a discontinuous group is either finite or countably infinite. We 
shall assume, moreover, that the mappings are analytic. Then, by Theorem 1, 
they form a subgroup A of the symplectic group. 

On the other hand, let us consider the definition of a discrete group. A 
group of matrices Yt with real (or complex) elements is called discrete, if 
every infinite sequence of different Yt diverges. It is obvious that a discon- 
tinuous group of symplectic matrices is discrete. Let us now prove the con- 


25 

| 

| 


i 
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verse of this statement. If A is a non-discontinuous group of symplectic 
mappings 


(58) 8* = + B) (C3 + 


we can find a point 8 of H and an infinite sequence of different matrices 


B 


in A, such that the corresponding sequence (58) tends to a limit 8*, in H. 
Denoting by 9), 9*, *, the imaginary parts of 8, 8*, 8*:, we have, by (25), 


(59) y* = + D)“}. 


Now 9)* is bounded, 9) is fixed and 9) > 0. By (59), the sequence of matrices 
(€3 + D)- is bounded; moreover, the square of the absolute value of the 
determinant |€3+9]| tends to the limit |%| | 9*, |; hence also 
€3 + is bounded. Since € is the imaginary part of (€8 + D)¥-! and 
D=— (C83 + D) — C8, the matrices €,D are bounded. It follows from 
138 + B= 38*(CZ3+D) that also and B are bounded. Consequently there 
exists a converging subsequence of matrices Yt, and A is non-discrete. 


20. For any point set P in H, we define the diameter 5(P) as the least 
upper bound of the distance p(3,3*), where 8 and 8* run independently 
over all points of P. The diameter is finite, if P is compact. The distance 
p(P, P*) of two point sets P, P* in H is defined as the greatest lower bound 
of the distance p(3, 8*), 8 running over /’ and 8* over P*. By the triangle 
inequality, 

(60) 8(P + P*) S p(P, P*) + 8(P) + 8(P*). 


Let D,, D2,-- + be the elements of the discontinuous group A and let D, 
be the identity. We denote by Dx(P) = Px the image of the set P under 
Dy, (k =1,2,- +). We assume now that P and another point set Q in H 
are compact. We shall prove that the distance p(Q, Px) tends to infinity 
with &. Let us first consider the case of two points Q@=—38, P=28.. By 
Section 16, the condition p(3,3*) Sc defines, for arbitrarily given c > 0 
and variable 8*, a compact point set in H; hence the inequality p(3, 3x) Sc 
holds only for a finite number of indices & so that p(8, 8x) > © for ko. 
Consider now the general case for P and Q. By (60), 


p(Q, Px) = 8(Q + Px) —8(Q) —8(Px). 


Choosing a point 8 in @Q and a point 8, in P, we have 8(Q + Px) 
= p(B, Bx) > © and 8(P,) =8(P), whence p(Q, Px) > 


i 
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A point 8 of H is called a fixed point of A, if D.(8) = 8 for at least 
one index k >1. Let P be an arbitrary compact domain in H, e.g., the 
domain p(3,i1€) = 1. Since p(P, Px) for k— o, there exists only a 
finite number of values #, such that the equation D,(83) = 8 has a solution 
8 in P. But this equation, for any k > 1, defines an algebraic manifold in H, 
and consequently we may construct a point of P which is not contained in 
any of those manifolds; in other words, we may certainly construct a point 
8, of H which is not a fixed point. The images 3, = Dx(3:) of 3: are then 
all different one from another. 


21. We denote by F the set of all points 8 satisfying all the inequalities 


(61) e(3, 81) S Bx) (k = 2, 3, 


it follows from this definition that F is closed, with respect to H; but F is 
not necessarily compact. Let G = H — F be the complement of G in H and 
let B be the frontier of F and Fy) = F — B the set of inner points of F. 
Obviously, the set G@ consists of all points 8 satisfying the inequality 
e(8, 3:1) > e(3, 8x) for at least one value of &; hence all the points 
8.,33,° belong to G. 
Let us now consider a point 8 which fulfills all conditions 


(62) 31) < 3x) (k = 


the point 8—8, is an example. The differences p(3, 3x) —p(3, 3:1) 
(k = 2, 3,---) are all positive and tend to infinity with & and, consequently, 


they have a positive minimum p. The points 8* of the geodesic sphere 
p(3, 3*) < du form a neighborhood of 8. It follows from 


(k = 2,3,---), 


that all these points belong to F. ;Consequently 8 is a point of Fo. 

Consider next the case where all conditions (61) are fulfilled, with the 
sign of equality for at least one index k =1>1. Then 8438). Let 3* be 
an arbitrary point on the geodesic are joining 8 and 3, different from 8. 
Since p(3, 8:) = (8, 31) and 3:54 8:1, the point does not lie at the 
same time on the geodesic are between 8 and 8; so that 


p(8; 81) < 8*) + p(8*, 38:1). 
On the other hand, 


81) = 3*) + 
and the inequality p(3*, 3:1) > (8*, is proved. Consequently, the whole 
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geodesic arc between 8 and 8: belongs to G, except the point 8 itself, which 
is a point of F. This proves that 8 is a point of B. 'Therefore F, consists of 
all 8 satisfying (62) and B consists of all 8 satisfying (61) with at least 
one sign of equality. 

Let again 8 be a point of B, and choose a point 3* ~ 8 on the geodesic 


are joining 8 and §,; then 


e(8, 8:1) = 0(3, 8*) + 


Moreover 
e(3, 31) 8x) 3*) + Be) (k = 2,3,---), 


where the sign of equality cannot be true in both places. Hence p(8*. 3:) 
< p(8*, 3x), i.e, 8* is a point of 7. This proves that any geodesic ray 
through 8, either lies completely in F or intersects B in exactly one point. 
The domain F is a star formed by geodesic arcs through §.. 

The boundary B of F consists of parts of the analytic surfaces p(3, 3:) 
= p(8, 8x) for certain values of k >i. It is not generally true that the 
number of these values is finite. However, if we consider a compact domain 
P in H, the distance p(P, 8.) tends to infinity with k; consequently only a 
finite number of these bounding surfaces enter into P. 

Let 8 be an arbitrary point of H. Since p(8, 3x) — o, there exists a 
positive integer 7, such that 
(63) p(3, 8r) S p(B, Be) (k= 1,2,-- +). 
Then the point 8* = D,-*(8) satisfies the conditions (61). Consequently 8 
is equivalent to a point of F. On the other hand, a point 8 cannot satisfy 
both conditions (62) and (63), for any r >1 and all k&. It follows that no 
point of F, is equivalent to any point of F’, except to itself under the identical 
mapping D,. 

Our results contain the proof of Theorem 6. 


22. If the fundamental domain F is compact, then the boundary B 
consists of a finite number of surfaces p(8, 8:) =p(3, Bx). Now F depends 
upon the initial point 8,; we write more explicitly F —F(3,). We shall 
prove that F'(%*,) is compact, for an arbitrary initial point 3*,, if F(3:) 
is compact. 

The space H is called compact relative to A, if there exists for every 
infinite sequence of points 8, (k = 1, 2,---), in H at least one compact 
sequence of images §:,™) under A. Obviously this condition is satisfied, if 
and only if there exists a compact domain G in H, such that every point 3 
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of H has at least one image 8, in G. By the minimum property of F, this 
domain is then also compact, and vice versa. Hence our assertion is proved. 

In the classical case n 1, the fundamental polygon F is compact, if 
and only if all vertices are elliptic; it is well-known that the uniformization 
of any field of algebraic functions of genus p> 1 leads to a discontinuous 
group with the required property. From the algebraic point of view, the most 
important discontinuous groups A, in the case n= 1, are, more generally, 
those having a fundamental polygon with a finite number of elliptic or para- 
bolic vertices. They constitute, the Fuchsian groups of the first kind, and the 
corresponding automorphic functions form algebraic function fields of a single 
variable. 

For arbitrary n, we say that a discontinuous group A is of the first kind, 
if there exists a fundamental domain F’ with the following three properties: 
1) Every compact domain in H is covered by a finite number of images of F’; 
2) only a finite number of images of F are neighbors of F’; 3) the integral 


(64) V(A) = f dv 
F 
converges. In the special case n = 1, it is easily seen that this definition is 
tantamount to the ordinary definition of Fuchsian groups of the first kind. 
It is now clear that A is certainly of the first kind, if H is compact 
relative to A; hence Theorem 7 is proved. 
Let 


be any symplectic matrix. Under the automorphism 3 — (43 + B) (€3 + 
of H, a subgroup A of Q is replaced by MAWt", i. e., by a conjugate subgroup, 
and a fundamental domain of A is mapped onto a fundamental domain of 
MAM-1. Obviously all conjugate subgroups MAM will be of the first kind, 
if A itself is of the first kind. 


23. Let us now assume that A has no fixed point in H. Then the images 
8. (k =1,2,---) of an arbitrary point 8: of H are all different from each 
other, and the minimum of the distances p( 3x, 3:1) = 2, is a posi- 
tive number § = 8(8,). The images of the geodesic sphere p(8, 3:1) < $8 
with the center 8, do not overlap. 

Identifying equivalent points of H, we obtain a set H,. We may obviously 
introduce the symplectic metric into H,, defining a neighborhood of 8, by 
p(8, 81) < 48 Starting from a fundamental domain F of A, we obtain a 


| 
n—(¢ 


a 
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model of H,, if we identify equivalent points on the boundary of F. Assume 
now that H is compact relative to A. Then F may be considered as a closed 
manifoid with the symplectic metric. By Theorem 5, this manifold has the 
Euler number 

{85} X = Cn(— (A), 


where V(A) denotes the symplectic volume (6) of F. 

Probably the formula (65) is true for all groups A of the first kind, 
provided A has no fixed point in H. This is easily proved in the case n = 1. 
The general ; roof vf our suggestion would require a careful investigation of 
the geodesics ¢. infinite length in the fundamental domain. 


V. HERMITIAN FORMS. 


24. In the case m1, we know three different methods of constructing 
discontinuous groups of the first kind, namely an analytic, a geometric and 
an arithmetic method. The analytic method starts with a Riemann surface 
of finite genus and applies the theory of uniformization. The geometric method 
uses the principle of reflection for a circular polygon with a finite number of 
elliptic and parabolic vertices, the angles at the elliptic vertices being aliquot 
parts of z. The arithmetic method depends upon the theory of units of indefi- 
nite binary hermitian forms, in an imaginary quadratic ring over a totally 
real algebraic number field of finite degree. It is not known, to what extent 
the analytic and the geometric method may be generalized ; however, we shall 
show in the following sections, that there is a generalization of the arithmetic 


method to the case of an arbitrary n. 


Lemma 3. Let be a hermitian and a non-singular skew- 


symmetric matrix with complex elements. If 
(66) = 6, 
then there exists a matrix such that ${C} and G[C] 
Putting we have 3% by (66), whence 
+ AE) (F + AE) + (F — VE) (F —AE) 0 
for any scalar A of absolute value 1. Choosing this A such that | § + ir€ | ~0, 


we obtain 


q 
| 
| 
i 
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with real consequently € —1T + | E--1T | KO, 


. E+ 
= iW cy 
Let ©, = + = $(CGi}, G, = S/C,]; then 
= 5 = = — 1G, = — 9: 
hence §, is pure ime sinary and §,—-— .* rea}. There exists a real matrix 
satisfying G,[C.] J, and = Gt he required property. 
25. Let K be a totally real algebraic ~ field of finite degree h and 
let K®),---, K™ be its conjugate fields, K = If r is any positive number 
of K, then the field K, = K(V—r), of degree imaginary. We consider 


a hermitian matrix § = §°”) and a non-singula: »ew-symmetric matrix G, 
both with elements in Ko, and we assume that the » ationship 


(67) = s@ 


holds with a positive scalar factor s. Obviously s is then a number of K. 
The matrices 11 with integral elements in Ko, satisfying the two conditions 


=6, =—s, 


constitute a multiplicative group A= A(@,). Applying Lemma 3 with 
s4 instead of §, we obtain a complex matrix ©, such that G[C] — J and 
Consequently the elements C*UC —M of the group 
= Ay = Ao (G,H) satisfy —F and J{M} —F, whence J[Mt] —F 
and 2 = IM. This proves that A, is a subgroup of the homogeneous sym- 
plectic group Q). Identifying U and —U, i.e., Wi and — Wt, we obtain a 
subgroup A = A(G, of Q. 

The matrix © is not uniquely determined. If also 6{C*} = is#¥ and 
@[C*] then is symplectic, and vice versa. Using ©* instead 
of ©, we have to replace A by B-'A®; hence the class of conjugate subgroups 
$8-1AB in © is uniquely determined by & and §. 

Obviously A(G, a) = A(G, $) for any number a ~ 0 of K. Therefore 
we may assume r and s to be integers. Henceforth we shall, moreover, assume 
that 7 is totally positive and that all conjugates of § except § and § are 
positive. Let 7 and the pair $1, $1 be the image of r and the pair 9, § 


under the isomorphism K > K‘) (l=—1,---+,h). For any element U of A, 
we have $:{1l:} = $1, where Ui, (J =1,---,h) denote the 2h conjugates 
of U—1l,. Since is positive for 1 >1, the matrices Us,- - -, Un are 


bounded. If also U itself is bounded, then all conjugates of U are bounded. 
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On the other hand, there exists only a finite number of integers in Ko with 
bounded conjugates. Consequently A and Ay are discrete groups and, by 
Section 19, the group A(@, §) is discontinuous. 

It follows from (67) that 6 =—s${@}. Since s is positive, 6 = $1 
is necessarily the matrix of an indefinite hermitian form. Since ©, is positive 
for 1> 1, the conjugates s:,- - -,s, of the positive number s=—s, are all 
negative. 

The most important example of a group A(G, §) is provided by 6 =%, 
§ = 13, r—=1, h=1. Then we may choose = and A,(G,$) consists 
of all symplectic matrices Yt with rational integral elements. We call this 
group the homogeneous modular group of degree n and denote it by I>. 
Identifying the elements Yt and — Mt of T, we obtain the (inhomogeneous) 


modular group I. 


26. Two subgroups A and A* of Q are called commensurable, if there 
exist a subgroup A, of finite index in A and a subgroup A*, of finite index 
in A*, such that A, and A*, are conjugate subgroups of 2. If A is a discon- 
tinuous group of the first kind, then the same holds for A*, and we obtain 
jV (A) = j*V(A*), where 7 and j* denote the indices of the subgroups A, and 
A*,; consequently the quotient V(A)/V(A*) is a rational number. 

It is easily seen that the property of commensurability is symmetric and 
transitive ; therefore we may speak of a class of commensurable groups. We 
have now the problem of deciding whether two groups A(G, ) and A(@*, §*) 
are commensurable or not. The complete answer is given by Theorem 13. In 
this section we solve only a particular case of the problem: We assume that 
@* and §* are also matrices of the field Ky and that they fulfill the condition 


9*G*§* —= 
with the same factor s as in (67). 


Lemma 4. Let c,,°**,Con be 2n numbers of Ko, not all 0. There exists 
a matrix ©,°") = (cer) in Ko, such that and 
S[C.] If, moreover, cy #0, we may choose = 0 (l= + +, 2n). 

Put = (¢, cn) and (Cni1 * Con). If ¢: = 0, we choose in 
K, a non-singular matrix ©") with the first row c’, and define 


If c, +0, we choose in Ko, a non-singular matrix ‘) with the first row c’; 
and a symmetric matrix S with the first column $c. ; then 


H 
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has the required property. In the case c,540, we may obviously choose 
(c,0- - -0) as the first row of 9”. 


Lemma 5. There exists a matrix © in Ko such that G[C,] = G* and 
H{Go} H*. 

The equation @[X] — & has a solution X in Ky; hence we may assume, 
without loss of generality, that © = G* —%. Moreover it is sufficient to 


prove the lemma for the special case 


Since none of the conjugates of —§ is positive, it follows from Hasse’s 
generalization of A. Meyer’s theorem, that the diophantine equation ${r} =1 
has a solution r in Ko. Applying Lemma 4 with (¢:- -.- Con) =, we con- 
struct a matrix ©, in K» which has the first column r and satisfies 3[€.] = 3. 
Then §{@€,} has the first diagonal element 1. On the other hand, the condition 
(67) means now 


(68) = — 


For the proof of Lemma 5, we may therefore replace {©} again by §. 

By Lemma 4, there exists a matrix ©, in Ky with the following three 
properties: ©, and § have the same first column; @, has the first row 
(10:-- 0); S[C.] Put then also and the 
two matrices 6’, and ©, have both the first column (10---0)’. Writing 
again § instead of §{€;}, we obtain the decomposition 


By (68), 


— = — 8€, 9:92 — 912912 = — s&, 
whence a = 0, ¢ = —s, b=0,c¢=0. This contains, in particular, the proof 
of the lemma for n =~ 1. If n > 1, the hermitian matrix 


j 
a§ 12 
3 
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fulfills the same conditions as , with n —1 instead of n; and we may apply 
induction with respect to n. Hence the lemma is proved. 

Let ©, be the matrix of Lemma 5 and choose a positive rational integer q, 
such that the two matrices g@, and g@o"! have integral elements. Since the 
integers of Ky belong to a finite number of classes of residues modulo q?, the 
elements U of A(G,) satisfying U = € (mod q?) form a subgroup A, of 
finite index. Consider now the subgroup A, consisting of all 11 with integral 
©," UC, = U*. Obviously A, is contained in Az; consequently A, is a fortiori 
of finite index in A(G,§). On the other hand, U* is an element of A(@*, §*) 
with the characteristic property that ©,U*C€," =U is integral; hence the 
group A*, = ©,'A.€, is of finite index in A(G*, §*). If € is the matrix of 
Section 25, we have A,(G, ©) = €*A(G, §)G, and we may define A, (G*, *) 
= ©,1A(G*, with €, ©, Then C*A,6 = is a com- 
mon subgroup of Ao(G,) and A,(G*, S*), of finite indices. This proves 
that A(G, and A(G*, *) are commensurable. 


27. The two conditions G[U] = G and ${U} — © for the elements U 
of A(®G,$) may be written UF and UG-WG —G, with GS. 


Let us consider the set RP of all matrices 8 in Ko which satisfy the condition 


(69) FB VF. 
Obviously F is a ring. By (67), the matrix 
(70) GWG 


is again a solution of (69), and consequently (70) defines an anti-auto- 
morphism of 2. The elements U of A(G,) are the integral elements V =U 
of R with the property 

(71) uu = &. 


By Lemma 5, 


where ©, is a matrix in Ky. The elements ¥* — €,7BC, of the ring R* 
= satisfy — V*F*, whence 


with arbitrary matrices 2'™,O™ in Ko. Defining 


31/2 
—€E 


91/2,1/4Q ( 


| 
(FP 
| 
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we obtain 
(72) G[(C] = 3, H{C} — 


(73) CRE — — ( 
Vsts Vrs, 


with 
(Q—S), 
+ $B) = ( 
1 
2V—r 


consequently %, are arbitrary matrices in K. 

Consider now the generalized quaternion algebra A over K consisting of 
the elements % = + die: + + with arbitrary do, 41, in K, 
where is the unit and = rseo, €27 = — 1€o, — €2€; = Seg. We denote 
by & = — — — the conjugate quaternion. There exists the 
well-known representation of A, of degree 2, defined by 


Then obviously 


3 
k=0 
where %; X « denotes the Kronecker product of the matrices % and e,; and 
consequently "RC is the ring of all matrices M = (ax:) of nm rows and 
‘columns with arbitrary elements a: of A. 
By (70) and (73), the condition (71) may be expressed in the form 


(76) MM = E 
with 


3 
M = FID’ Ws K o— X 
k=1 


hence Yt, written as a quaternion matrix, is the transpose (%) of the con- 
jugate (&.) of M. By (72) and Section 25, the group A,)(G, $) consists of 
all matrices Mt of the form (75), such that (76) is satisfied and CYC is 
integral. On the other hand, the solutions of (76) with integral % 
(k =0,:--,3) in K constitute also a subgroup Ao(r,s) of the homogeneous 
symplectic group 2. It follows from the argu nt at the end of Section 26, 
that the two groups Ao(®, §) and Ao(r,s) are commensurable. The problem 


—/l 0 
0 1 1 
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of the commensurability of two groups A(G,) and A(@,, $1) is therefore 
reduced to the corresponding problem for Ao(r,s) and Ao(1:,s,). The solution 
will be given in Chapter IX. 


VI. THE FUNDAMENTAL DOMAIN OF THE MODULAR GROUP. 


28. We shall construct a fundamental F for any group A(@,%) and, 
in particular, for the modular group . The application of the general method 
of Chapter IV would lead to a rather complicated shape of the frontier of F, 
and it would then be difficult to prove that A(G,§) is a group of the first 
kind. Therefore we shall use another procedure applying the special arith- 
metic properties of these groups. 


6. The equation 


(7) 


defines a mapping of the space H of the matrices 8 = X + iY) onto the space 
S of the symplectic positive symmetric matrices ©. Any symplectic trans- 
formation 3* = (13 + B) (C8 + D)- with the matric M induces in S the 
transformation ©* = S[Mt"]. 


Let 
= 
© 12 Se 


be an arbitrary point of S. Since © > 0, the inequality ©, > 0 holds, whence ° 
6,1 —%>0. Moreover 6,6’,.—6,.6, and 6,6,— — ©, whence 
— =X G2 = — and G.—Y+Y"[(X]. This proves 
the first assertion of the lemma. 

The relationship (77) can be written 


(78) S[w] — Y*[u — Xv] + Y[v] — Bv} 
with an arbitrary real column | 
wn 
For the symplectic transformation 8* — X* + (WZ + B) (CZ + 
we obtain, by (59), 


Y** — + 
Y**{u— — (C3 + D)’u— (UZ + B)’ vo} — Y"{u* — Bo*}, 


— 
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where u* = D’u — B’b and b* = — C’u + Yb. Now the second part of the 
lemma follows from (8) and (78). 


29. Let P be the space of all positive symmetric matrices I‘) with 
real elements. Any ZT in P may be uniquely expressed as T = B[0Q], where 
% Pm] is a diagonal matrix with >0 (k—1,---,m) and 
O = (qx:) is a triangular matrix with qx: —0 fork >1 and qwa—1. If ¢ 
is any positive number, the inequalities 


(79) 0 < pe S tpn, —tSqst 


define a compact domain Q(t) in P, and any given compact set in P is con- 
tained in Q(t) for sufficiently large values of ¢. 

Let U denote the group of all different transformations T—> T[U], 
where 11 runs over the unimodular matrices, i. e., the matrices with rational 
integral elements and determinant + 1. On account of Minkowski’s theory 
of reduction, there exists in P a fundamental domain F& with respect to U, 
defined by a finite number of inequalities 


(80) L,(X%) =0 


where L,(2) denotes a certain homogeneous linear function of the elements 
of & with rational coefficients. A point ZT lies on the frontier of FR if, and 
only if, the conditions (80) are fulfilled with at least one sign of equality. 
The images of R under U cover the whole space P without gaps and over- 
lappings. Only a finite number of images enter into any compact part of P, 
and only a finite number of images are neighbors of R. 

Most of the results of the theory of reduction are simple consequences 
of the following two known lemmata. 


Lema 7.. There exists a positive number +, depending only upon m, 
such that R is contained in Q(71). 


8. Let be two points of Q(t) and let 
where % is a matrix with rational integral elements fxr. Then 


—rSfrSr 1,--+,m), 


where + is a positive number depending only upon t,m and the determinant 


|. 


Let t,,:--, tm be the diagonal elements of a point T = B[O] of R. Then 
= > = + — qui’) 
k=1 Pl 
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and By (79) and Lemma 7, the inequality 


m 


(81) IT te < r2 | | 
follows, where +r. depends only upon m. 


30. The general method for constructing a fundamental domain with 
respect to any discontinuous group A uses the minimum of the distance 
p(38*, 3:1), where 8; is given and 8* = (43 + B) (C3 + D)- runs over all 
the images of 8 under A. 

Let us now choose in particular 8, = 1G, with a positive scalar factor ; 
we shall investigate the asymptotic behavior of the distance p(3,3:) for 
*—o. By (38), we have 


p*(8, 81) =2 log? 1 
where r,°*~-,%n denote the characteristic roots of the cross-ratio 
= (8 —3:) (8 7 =E + —B) + 
If s;,- - -,S, are the characteristic roots of the imaginary part 9) of 8, we 
obtain 
whence 


p?(3, log? (s7A) + 


where w(A) is a power series in A~' without constant term. Consequently 


lim (p(3, — n4 log A) = log | 
00 


This suggests a consideration of the minimum of | 9)* |-?. 
Denoting by the sign abs the absolute value of the determinant of a 


matrix 8, we have, by (59), 
| | 9) abs (€3 + D)?. 


In order to obtain the minimum of | 9)* |-', we have therefore to determine 
the minimum of abs (€3 +29). The existence of this minimum is by no 
means trivial; we shall prove it now in the case of the modular group I. 


Let 


n 
|| 
9 9 
C, 
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be two elements of the homogeneous modular group Ty and let 


) 

—1 
MM D, 
We assume that the equation 


(82) abs + D) = abs + Do) 


holds identically for all 8 in H. Introducing (98 —%’)(—@’3 + W)* 
instead of 8, we obtain the necessary and sufficient condition 


(83) abs (©,3 +9,) =1. 


Since | €,83 + 9, | is an analytic function of the elements zi: of 3, we infer 
that | €,3 +, | —c, identically, for all compiex symmetric matrices 8, 
with a constant ¢ of absolute value 1. Putting 8 =0, we find | 9, |—c. 
On the other hand, the élements of D, are rational integers; consequently D; 
is a unimodular matrix U and c= +1. Calculating the linear terms in the 
identity | D,"'C,3 + € | —1, we obtain o(D,"C,8) =0. But the matrix 
2,*@, is symmetric and therefore ©, = 0. 

Let now Yt, be any modular matrix with ©, = 0. The general form is 


(84) 


0 u 


with unimodular UU and integral symmetric B. Obviously (79) is satisfied, 
and M,) = MM, with an arbitrary modular matrix Mt, gives the general 
solution of (82). Then 
(85) ©, = UG, Do = UD. 
It is also easily seen that Mt, — Mt,Wr" has always the form (84), if the 
second matrix rows (€D) and (C.D) of two ‘modular matrices Mt and Meo 
are connected by (85), with unimodular U. The two pairs ©,D and ©, Do 
are called associate. 

Denoting by 9)* and 9)*, the imaginary parts of 


8* = (AZ + and + Bo) + Do); 
we obtain, by (59), 
(86) + Do} —Y*o". 
Let 8 be a given point of H. For any modular matrix §, we choose a uni- 
modular matrix Ul, such that 9)*-"[W’] = 9)*,-* les in the Minkowski domain 
R of Section 29. We shall now prove that abs (€.3 + Do) tends to infinity, 


if (€,Do) runs over all second matrix rows of modular matrices with the 


required property of 
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Let 4:,° Yn denote the diagonal elements of and cz, d; the J-th 
columns of @’o,D’o (J=1,:--,n). By (86), 
= + Do] + Y[C'o] 
yi = Y [Xe + + 


Consider all solutions ©), Do of the inequality abs (€o8 + Do)? < a, where a 
is an arbitrary positive constant. By (81) and (86), 


(87) (J =1,: ; 


ys < | 9 
by (87), 
(88) Yle] Sm, Y [Xe +d) Sy 
and 9)*[d:] =y: in the case c; =0. Since | + Do | 0, the columns 
C1, d; are not both 0; hence y, > y, where y is a positive number depending 
cnly upon 9), and 


yi < | |. 


By (88), we obtain only a finite number of pairs ©o, Do. 

On account of (82), the existence of a modular transformation 3* 
= (43 + B)(C8+D)" with the minimum value of abs (C8+9) is 
established for any $8 in H. We determine again U by the condition that 
is a point of R and define = + Bo) (Go8 + Do) 
= §*(U"] + B, by (84), where B is an arbitrary symmetric matrix with 
rational integral elements. We may choose 8 such that all elements of the 
real part of 8*, lie in the interval —$ = 2S 


31. Let F be the set of all points 8—=X-+ iJ) of A satisfying the 
following three conditions: 


(89) abs (C8 + D) =1 

for all modular transformations 8* = (%3 + B)(€8 + 9D)"; 

(90) L(Y") =0 
(91) = — 3, — = 


for the elements x: of X. In (89), we shall omit the trivial case © —0, 
since the corresponding condition abs (D) =1 holds identically for all 8. 
By the result of the preceding section, the images of F under [ cover the 
whole space H. 

We write with B—[pi,---, pn], Q— (ger), Ger 
(Asl<k=n), and define W™ — (wy) with 
=0 (k+-1An+1), we 
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By (77), 
(92) = 


By Lemma 7 and (91), the absolute values of the elements of the triangular 
matrix ©, are less than a number depending only upon n. Denoting the 


diagonal elements of 98, by d,,- - -,don, we have 

(lSk<n), =p’ (k=), = < 2n). 
By Lemma 7, 

(93) 0< S (kn), 


where 7, depends only upon m = 2n. 
We apply (89) for the particular modular transformation with 


0 0 0 Ei) 


Denoting by z, + iyn the last diagonal element of 8, we obtain the inequality 
In? + yn? = 1. By (91), we have moreover x,? = 4, whence y,? = 3. But 
9) = and consequently yn = pn, 

(94) 0 < dn S (4/3) dna. 


By (92), (93) and (94), G[B8,] is contained in a domain Q(r3) of the 
space P of positive symmetric matrices with 2n rows, where +r; depends only 
upon n. 

Consider now any modular transformation = (43 + B) (C8 +9)" 


different from identity, i. e., 


B 


and assume that 8 and 8* both are points of F. By Lemma 6, S = G* [M1], 
S[B,] S* (BW, ] MW, ]. 
Applying Lemma 8 with 
S*(BiJ], T—S[B], BMRB, | —1, 


we conclude that Yt belongs to a finite set of modular matrices Dt,,---, Dta, 
independent of 8 and 8*. 
On account of the minimum property of | 9) |-+, we have | | =| 9* |, 


41 
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whence abs (©8 + D) —1. If © #0, then the sign of equality is true in 
one of the conditions (89). If © = 0, then Yt has the form (84), 


Ww BU 
— 


and 9%" [U’]. In the case + &, the sign of equality is true in 
one of the conditions (90). In the case U = + &, we have 8* = 8+ 8%, 
X* —X + B with integral symmetric G+ 0, and then the sign of equality 
holds in one of the conditions (91). 

We have proved the following statement: If two points 8 and 8* of F 
are equivalent under a modular transformation with the matrix Ji + &, 
then 9 is one of the matrices 


») 
and the conditions 
(95) abs (©.3 + = 1 (s=1,:--,h), 
(96) L,(Y*) = 0 
(97) = — 4, — = —F4 


are fulfilled with at least one sign of equality. 


32. Since (95) is contained in (89), every point 8 of F satisfies (95), 
(96) and (97). We prove, now, that the converse is true, namely, that all 
the inequalities (89) follow from (95), (96) and (97). We shall demonstrate 
at the same time, that then the stronger inequalities abs (€3 +9) >1 
hold, if €,D is not associate with one of the pairs ©,,D, (s —=1,:--,h). 


Lemma 9. Let 3=X++ 19) be a point of H and 8, =X + idY, with an 
arbitrary scalar factor 4. If (CD) is the second matrix row of any symplectic 
matrix and then the inequality abs (©83, -+D) > abs (CB, + D) 
holds for’ >p>0. 

The determinant | €3* + D | —¢(A) is a polynomial in A. For any A 
with positive real part, 8, is a point of H and consequently ¢(A) ~9. 
Moreover ¢$(A) == ¢(—A); hence all zeros of #(A) are pure imaginary. 
This proves that for real A the expression abs (©8, + D)? is a polynomial 
in \? with real non-negative coefficients. It remains only to prove that this 


polynomial is not identically constant. 


Assume now that 


abs (€3* + D) abs (C3, + D) abs (CX D), 


SYMPLECTIC GEOMETRY. 


identically in A. Then abs (CX + D) 0 and 


(98) abs + (CX + D)C) = | 

Since (CX + D)~'C is a real symmetric matrix and 9)-* > 0, there exists a real 
matrix and a diagonal matrix # = -,7n], such that 

(99) [RK] — ( (CX + D)7C) KR. 


By (98) and (99), 
(1+ =1 


for all real values of A, and consequently # = 0, € —0, which is a contra- 
diction. This completes the proof of the lemma. 

We denote again by (€®D) the second matrix rows of the modular 
matrices. Let § be a point of H satisfying all conditions (95), (96) and 
(97), and assume that the inequality abs (©8 + D) <1 holds for at least 
one pair ©, D, where € 40 and ©,®D is not associate with one of the pairs 
C.,Ds (s =1,- + -,h). By the result of Section 30, only a finite number of 
non-associate pairs ©, D fulfill that inequality. By Lemma 9, there exists a 
number A = 1, such that abs (€3, + D) =1 for all €,D and abs (C8, + D) 
=1 for C=C), D—D), where ~0 and Do is not associate with one 
of the pairs ©,,D.. Since has the real part X and 
all conditions (89), (90) and (91) are satisfied for 8, instead of 8; hence 8) 
is a point of F. On the other hand, the expression abs (€3, + D) attains its 
minimum 1 for € = ©), D=— Do, and consequently there exists a modular 
transformation 8*, = (43, + B) (C38, + D)-, such that €,D is associate 
with ©, and 8*) is a point of F. By Section 31, C= D = Dz, and 
this is a contradiction. Consequently abs (©3 + D) =1 for all ©,D and 
abs (€8 + D) > 1, if © ~0 and C,®D is not associate with one of the pairs 
C,, De. 


33. By the result of the preceding section, F may be defined by the 
inequalities (95), (96) and (9%), in finite number. Obviously F is closed 
relative to H. It follows from Lemma 9 and the linearity of the conditions 
(96) and (97), that 8 is a frontier point of F, if, and only if, (95), (96) and 
(97) are fulfilled with at least one sign of equality. 

Let F,, be the image of F under the modular transformation 3* 
= (13 + B) (CZ + D)- with the matrix If F and Fy, have a 
point 8* in common, then, by Section 31, Yt is. one of the matrices 
M,° ++, Mh, and 8* is a frontier point of F. Consequently the images F,, 
cover H without overlappings, and F has only a finite number of neighbors. 
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Consider any compact domain G in H, and let G, be the corresponding 
domain in the space § of the matrices S defined in Lemma 6. There exists a 
number ¢ depending only upon G, such that G, is contained in the domain 
Q(t) of Section 29. We may choose ¢t = 73, where 7; was defined in Section 31. 
Let 3* = (43 + B) (CZ + D)* be a common point of F,, and G. Then 8 
is a point of F and the relationship S©* — S[Mt"] holds for the corresponding 
points ©* and © of 8S, by Lemma 6. It follows from the result of Section 31, 
that the point S[,] — S*[MW, ] lies in Q(t). But also S* itself is a point 
of Q(t), and consequently, by Lemma 8, the matrix Nt belongs to a finite set. 
This proves that only a finite number of images F’,, enter into the compact 
domain G. 

For the particular value 8 =i€, we have |€8+2|—c-+ id, with 
rational integers c,d not both 0. Consequently (89) is satisfied. Also (91) 
holds, since X 0. Moreover 9)" = € is a point of the Minkowski domain R. 
Consequently 8 = i€ is a point of F. By Lemma 9, the whole curve 8 = iA 
(A=1) belongs to F. Since A may be arbitrarily large, the fundamental 
domain F is not compact. Let G be any compact domain in H and consider 
the finite set of modular matrices Yt, such that F’,, enters into G. The set of 
images of G under the inverse mappings with the matrices Yt constitutes 
again a compact domain G». For sufficiently large values of A, the point iA€ 
of F does not lie in G; hence no image of this point lies in G. This proves 
that the space H is not compact relative to the modular group I. 

By the results of Section 31, the matrices X and Y)-* are bounded for all 
8 in F. On account of (57), the integral V(T) converges. 

Theorem 8 is now completely proved. 


VII. THE FUNDAMENTAL DOMAIN OF THE GROUP A(G, $). 


34. Let K, be an algebraic number field, of finite degree g over the 
field of rational numbers. Let g, of the conjugate fields be real and 29,2 
imaginary, g =gi+2g2, We denote the real conjugate fields by Ky‘ 


(«#—1,---,g,) and the pairs of conjugate complex conjugate fields by 
K,™ and +92). We consider g, positive sym- 
metric matrices (#—1,: - -,g:) with real elements and positive her- 


mitian matrices T, (#=—g:+1,:--+,9:-+ 92) with complex elements, all 
of m rows. We denote the systems of g, + g2 matrices T_ (#—1,---, 91 + 92) 
more shortly by {; they form the points of a space P of $g:m(m-+ 1) + g2m? 


dimensions. 
We have a unique decomposition T, — $a{OQa} with a diagonal matrix 
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Pa = [21 > 0 (kK =1,--:,m), and a triangular matrix 
De = = 0 (k >1), —1, where Og is real for ¢—=1,---, 91. 
If ¢ is any positive number > 1, the inequalities 


0< (kom), pOSip® (kSm) 
abs png (k <1) 


with a, 8=1,---+,9;-+ 92 define a compact domain Q(t) in P. 

A matrix U with integral elements in Ky is called unimodular if the 
determinant | 1l| is an algebraic unit. The unimodular matrices U'" con- 
stitute the unimodular group U in Ko, of degree m. The center C' of U consists 
of the matrices U = w&, where w is any root of unity in Ky. We denote by Uo 
the factor group U/C. Let U_ be the conjugate of U in Ky). The trans- 
formation (a =1,: + or more shortly T > T{U}, 
maps the space P onto itself. This mapping is the identical one, if and only 
if UW is an element of C; consequently the transformations T > T{U} give a 
faithful representation of 

Minkowski’s theory of reduction of positive quadratic forms is concerned 
with the case g = 1, the field of rational numbers. The generalization to the 
case of an arbitrary field Ky is due to P, Humbert. He obtained the following 
results : 

There exists in P a fundamental domain FR with respect to Uo, which is 
the union of a finite number of convex pyramids. The faces of these pyramids 
have equations of the form 


where aq and bg are the conjugates of two columns as 0 and 60 in Ko; 
moreover a=Ab for every pure imaginary scalar factor A. Any compact 
domain in P is covered by a finite number of images Ry, of R, and RF has 
only a finite number of neighbors Ry. 


LemMMA 10. There exists a finite set L of matrices 2 with integral ele- 
ments in Ky and a positwe number rt, depending only upon Ky and m, such 
that for every & in R the point T{QV} belongs to Q(r4), with at least one L 
of the set L. 


Lemma 11. Let © and U{%} be two points of Q(t), where F is an 
integral matrix in Ko, and let v be the norm of |%|. Then & belongs to a 
finite set of matrices depending only upon Ko, m,t and v. 


These statements are generalizations of the lemmata 7 and 8. 
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35. We assume now that K, = K(V—r), where K is a totally real 
algebraic number field of degree h and r a totally positive number of K ; then 
91 =0, go=h. Let K™ (a@—1,---,h) be the conjugates of K—K", 
ra the conjugate of in K™ and K, = K@(W—r,). In the notation 
of Chapter V, § is a hermitian matrix and & is a skew-symmetric matrix, 
both in Ko, satisfying the condition (67). Let $a,@a be the conjugates of 
§,G in Ko™ and sq the conjugate of s in K‘., We assumed moreover 
s>0, >0 for a—2,---,h; then < 0(a=—2,---,h). The group 
A = A(@,) consists of all unimodular matrices YW in Ky which satisfy 
G[W] — G and H${W} —H. We have A, = CAG, where € is a complex 
matrix with G@[C] and ${C} Identifying W and — ®W, we 
obtain the factor group A=A(@G,) of Ao. Obviously this group is not 
changed, if we replace G, § by aG, bH with arbitrary positive rational numbers 
a,b; consequently we may assume that & and § have integral elements. 

The matrix S of (77) is the general solution of 6’ = S > 0, 3[S] =3, 
Consequently 


(101) = S{C"} 
is the general solution of 
(102) — 0, &, 2,973, — De 
We define 
(103) Za = (— 82) (a==2,---,h); 


then, by (67) and (102), 


where | s, | denotes the absolute value of sg. The matrices - are 
fixed, whereas {, depends upon the variable point 8 of H, by (77). The 
space H is mapped onto a surface 7, of n(m +1) dimensions, in the space R. 
If W is any element of the group A, then the transformation T, — T.{W.""} 
(a=1,---,h) maps T onto itself, and this mapping is the identical one, 
if and only if Y%— + &; on the other hand, by Lemma 6, the corresponding 
mapping in H is a symplectic transformation of 8, with the matrix Yt = C*We 
of the group A. 

For any point & of 7, there exists a unimodular matrix U = Ug in Ko, 
such that Z{11} is a point of the domain Rk. By Lemma 10, we may choose a 


matrix & of the finite set L, such that = — T{UL} belongs to Y(r,). Putting 


= G[UL], S$ = we obtain, by (104), 
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(105) 


we omit here and in the following formulae the index a which runs always 


from 1 toh. 
Let denote the matrix of the linear transformation — 


(k= 1,---,2n). If — {OQ} is the decomposition defined in Section 34, 
then — and consequently the points | s 
and £-1{%} belong to a domain Q (7s), where 7; depends only upon Ko, n and s. 
Moreover 


| BS’ | = (—1)"|G| abs (UR), | VG] (—1)"|G| | ug; 


hence the norms of | BS’ | and | BG | belong to a finite set. It follows now 
from Lemma 11 and (105), that also the matrices @ and $ belong to a finite 
set, independent of 3, and the same holds good for @[1] = G[+] and 
= 

Choose now a complete system of points 8o in H, such that the pairs 
G[Uo], H{U} with Uy—U 3. are all different, and let V be the finite set of 
the unimodular matrices Uy. We denote by G(U>) the closed set of all points 
8 of H, such that the linea point Z of T lies in Ry, and by G 
the union of these G(Uo), as My runs over the elements of the set V. 

Let 8 be again an arbitrary point of H and U = Ug. Then there exists a 
uniquely determined Uy in V, such that G[U,] = G[U] and ; 
thus 11,11? = BW is an dinates of the group A. Since T{11} lies in R, the point 
T{UU,*} is contained in Ayy,-1; hence 8 is mapped by the ele- 
ment Yt = CWC of A into a point of G(U,). This proves that any 3 in H 
is under A equivalent to at least one point of G; we call this point a reduced 


image of 8. 


36. Let us assume that there exists in H a compact domain B, such that 
Z{Ug} is a boundary point of R, relative to P, for all 3 in B. By Section 34, 
the unimodular matrix U< Q belongs then to a finite set, and we infer from 
(77), (100), (101), (103), that the expression p’Sq + ’Gq has a constant 
value in H, where p= C-'a and with two columns and 
in Ky; moreover a=£Ab for every pure imaginary scalar factor A. Replacing 
¥) by © + Y, we have the Taylor series 
in the neighborhood of 9) = 0. It follows that the real part of p’O.9 vanishes 
identically in the real symmetric matrices X and Y). Since a= Cp, b = €q 
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and a Ab, for all pure imaginary values of A, we find easily a = wGr, 
b = w$ with real r,$ and complex scalar o ~ 0, / 
On the other hand G[C] = ${C} =. whence € V— sH7GE. 
We obtain, therefore, 
oV — = of. 


But G, § and a0 are in Ky = K(V—»), hence 


oV—s 
1’, 


where are numbers in K. Since >0, (a—2,:--,h), the 
relationship (106) is only possible for h =1; then K is the field of rational 
numbers. 

It will be proved in Chapter IX, that A(G,) is commensurable with 
the modular group I, if and only if the diophantine equation (106) has a 
rational solution €,y. In this case, however, the construction and the properties 
of a fundamental domain for A follow in a simple way from the results of 
Chapter VI. Therefore we exclude this case for the rest of the present chapter. 

For every point 8o of H, there exists now a unimodular matrix Ui and a 
sequence of points 8 tending to §o, such that the corresponding points Z of T 
are inner points of Rj1-1, relative to P. 


(106) 


37. We denote by F'(U,) the closure of the set of inner points of G(Ub), 
relative to H. If 3» is a point of G(U,) which does not belong to F(Uo), 
then we use the result of the last section to construct a sequence of points 
8 tending to 8, such that they have as reduced images inner points of @(U), 
where U1 is a certain matrix of the set V. Consequently 3» has a reduced image 
in F(U), and any point of H is equivalent under A to at least one point in 
one of the domains F(U,). 

Let 8* be the image of 8 under the transformation Dt — CWC of A 
and let =*,Z be the corresponding points in 7. We assume now the existence 
of an inner point 8 of F(U)), such that 8* is a point of F(U*,), where U*, 
is also one of the matrices of the set V. By Section 36, this holds then even 
under the further condition that T{U,} be an inner point of R, relative to P. 
But T*{U*,} T{Up} {U7 W'U*,} is again a point of and consequently 
U*, = + WU, G[U*,] — G[Wo], Now it follows from 
the definition of V, that U*, — Uy, W— + E. This proves that F(U,) and 
F(U*,) do not overlap, if Uy4 U*o, and that the sum of the domains F'(U)) 
is a fundamental domain F of A. 

Obviously every /(U,) is bounded by a finite number of algebraic sur- 


2 
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faces, and F' has the same property. It follows immediately from Section 34, 
that any compact domain in H is covered by a finite number of images Fyn 


of F under A and that F has only a finite number of neighbors F'gp. 


38. Let 8 be a point of F(U,) and © the corresponding point of 8. 
By (101) and (105), 
(107) B= (O7)), 


where 


A 


(108) Pon|, 0 < Pe S (k =1,°: -,2n—1) 
(qe), ga—1, absquSm (k <1). 


Let d be the first diagonal element of §. Then 


(109) 

and 

(110) TI m= (—s)*| |, 
by (107). 


We assume now h > 1, i.e., K is not the field of rational numbers. Then 
the conjugates of in ra) (a= 2,---+,h) are positive, and 
consequently d=4 0. On the other hand, 1, and & belong to a finite set. It 
follows from (108), (109), (110), that © is bounded for all 8 in the funda- 
mental domain F. By (77), the matrices 9)-*, 9 + Y-"[X], are bounded, 
hence also 9), | 9) |", X. This proves that F is compact. 

In the remaining case h = 1, F is not necessarily compact, and the proof 
of the convergence of the volume integral V(A) requires more detailed esti- 
mates. This proof may be given by the same method which leads to the 
analogous result in the theory of units of indefinite quadratic forms; we omit 
it here. 

It is also not difficult to prove that the space H is compact relative to 
4(@, $), in the case h —1, if and only if m 1 and A is not commensurable 
with the elliptic modular group, and then also F’ is compact. 


39. The congruence subgroup Axc(@, $) of A(G,) consists of all ele- 
ments of A satisfying (mod x), where «x is a given ideal in Ky. Let 
p be a prime ideal of Ky and p the rational prime number which is divisible 
by p; let x be a power of p, such that p is not divisible by «?*. If the trans- 
formation with the matrix ©*MC ~ + € has a fixed point in H, then W is 
of finite order, since A is discontinuous in H. 


| 
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We shall prove that Ax(@,) contains no element of finite order except 
€. Otherwise we may assume 

R—0 (mod p*), (mod 


where q is a rational prime number and p* divisible by x. Then 


—0; R=— (mod p**). 


Since 
=> 0) (mod ), 


we arrive at a contradiction. 
The proofs of Theorems 9 and 10 are finished. 


VIII. THE VOLUME OF THE FUNDAMENTAL DOMAIN OF 
THE MODULAR GROUP. 


40. In the interval 0=2=1, we consider an arbitrary monotone 


function f(x), such that 


(111) f(1) =9, ‘de == 1; 


0 
an example is f(z) =n(n+1)(1—~2). For r=1, we put f(x) =0. Let 8 
be a point of H and © the positive symmetric matrix defined in (77). For 
any « > 0, we define 
(112) 3) =e" > f(S[ev]), 

w~0 
where tw runs over all lattice points ~0; this is a finite sum. 


LemMaA 12. If « tends to 0 through positive values and % is fixed, then 
On account of the definition of the integral, we have 


€-0 
S[q|]=1 
where dq denotes the euclidean volume element in the space of the real vectors 


a of 2n dimensions. Since the volume of the ellipsoid S[q] S z is 


I(t) =e" (420), 


j 
1 
if 
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we obtain 


n 


1 


<1 


41. Let F be the fundamental domain of the modular group, in the space 
H of 83 =X -+ 1), and denote by dv the euclidean volume element in the 
space of X and 9)", of n(n +1) dimensions. 


LemMA 13. There exists an integrable positive function g(3) of the 
elements of 3, independent of e, such that 


and the integral 
f g(3)dv 
P 


We denote by h(p,3) the number of lattice“ points w satisfying 


Y 


converges. 


S[w] =p, where p is an arbitrary positive number. By (78), 


S[w] = — Xv] + Y[v], w—(*), 


and consequently h(p, 8) is not larger than the number of integral solutions 
u,v of 
(114) Y-*[u — Xv] Sp, Sp. 

Put = with B — [p.,- +, pn] and Q = (qr), = 0 (kK > 1), 
= 1, and let ux, mm, (kK =1,--+,n) denote the elements of the columns 


u,b,r = Xb. The first condition (114) involves 


Pu{ (Ue — Tre) + Sp (k = 1,: - -,n); 


this proves that the number of integral u is 


for any given vb. On the other hand, the second condition (114) involves 


| 
(Ve + S p, 


where (q*x:) = O71; this proves that the number of integral b is 


STI (1 + 


n 
k=1 


| 

n 

= IT (1 + 

k=1 
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It follows that 
h(e, 3) S (1 + (pat + put) + 4p). 


Let y:,* * -, ys denote positive numbers which depend only upon n. By 
(93) and (94), we have m < y: (k =1,:- -,n), for all 8 in F; hence 


(115) h(p, 3) <y2(1 +e)" 


Now 0=f(z) Sf(0) (0S and f(x) (x =1) ; consequently we 
infer from the definition (112) that 


(116) Sef (0)h(e?, 8). 
By (115) and (116), 


<f(0)y2(1 + TT px a (0<eX<1). 
We define 


9(8) TI pes 


then (113) is fulfilled and it remains only to prove the convergence of the 
integral 
II 
k=1 
F 
Instead of the elements (k S1) (Yur) = = P[Q], we introduce 
the new variables pé (k=—1,---,n) and gx (k <1). The functional 
determinant has the value 
Qn Il py 
whence 
Ys = 2" I] px” *dv, 
with 
dv, = II dpi. 
kS1 K<l k 


Since X, %, O are bounded in F, the convergence is obvious. 
Applying a well-known theorem of integral calculus, we obtain from 
Lemmata 12 andi 13 the important 


LemMa 14. The integral 


f(S[av])av 


F 


| 
| 


SYMPLECTIC GEOMETRY. 


converges and 


4 ar” 


F 


where Vn —=V(Tn) is the symplectic volume of the fundamental domain for 
the modular group T =T, of degree n. 


42. We denote by W the set of all columns w"*”) with coprime integral 
elements and by e the first column of the unit matrix €"); obviously e 
belongs to W. 


LEMMA 15. There exists a modular matria M with the first column tv, 
if and only if to belongs to W. 


The necessity of the condition is obvious, since Yt has integral elements 
and the determinant 1. Therefore we have only to prove the existence of a 
modular matrix Yt satisfying Yt"*m —e, where w is a given column of the 
set W. 


Consider the column 


where 9 is an arbitrary modular matrix, and let u,v denote the greatest 
common divisors of the n elements of u,v; we define u—0 or v=0 if u—0 
or » =0. We choose now the matrix Yt, such that the sum u + v = w is as 
small as possible. If u < v, we replace MW, u,b by MY, —v, u and obtain the 
case u > v, with the same value of w; hence we may assume u = v. 

If v > 0, we determine a unimodular matrix U with the first row vb’ 
and an integral column ft, such that all elements of the column Uu—vt— 1m 
have an absolute value S (v/2); then the greatest common divisor u, of 
these elements satisfies u,S (v/2) <u. Let © be an integral symmetric 
matrix having t as its first column and igs 


om 
wey 0 W 


Since 1b = ve, and TlV’-'b — vt, where e, denotes the first column of the 


unit matrix ©‘, we find 


(MM, = Mw, = ( ) 
Vey 


But and are again modular matrices and v < w, in contra- 
diction to the minimum property of w. 


53 
yi 
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Consequently v = 0 and u—1, the elements of tv, being coprime. Let 
Ul, be a unimodular matrix with the first row u’ and 


a 
Vio = 0 


Then (MVz.)“w —e and MM. is unimodular, q. e. d. 

We denote by A, the subgroup of I consisting of all modular matrices 
with the first column e. Obviously two arbitrary modular matrices are then 
and only then in the same left coset of A, relative to the homogeneous modular 
group I, if they have the same first column. Applying Lemma 15, we find 
the decomposition 

pCw pCw ” 
where runs over all elements of the set W and Wty) denotes a modular 
matrix with the first column tw. We choose Ut_y = — My, such that My) 


and Yt_y, give the same element of T. Let Fy, be the image of F under the 
tp? 
domain Fy of the group A;. On the other hand 


f f(S[ewv])dv = f f(S[ee]dv, 
F Fw 


by Lemma 6. Using the abbreviation p = G[e] for the first diagonal element 


transformation Yt,,; then the domains F’;, cover exactly twice a fundamental 


of S, we obtain 


f(Elew]) dv —2 f(ép)dv. 
wC WwW 


Now we replace « by «J and sum over all positive integers 1; then /w runs 
exactly over all lattice points #0, and we have 


(117) y(e) f(el2p) dv, 
{=3 


where y(e) is the function defined in Lemma 14. 


43. Any element of A, has the form 


( B— 


x 
¢ — y= 
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It follows from (7) that also 


belongs to the homogeneous modular group of degree n —1. We define 


1 0 0 0 0 0 


where 


‘ * * * 
— and BW’, sO that ») — Do B, with 


1 0 b 


and integral a, b, b. 
On the other hand, if UW and & are defined by (119) with arbitrary 
integral a, b, 6, then 


== 
(120) alo it) 


is a modular matrix and Mt = Mi, Wt, has again the form (118). It is obvious 
that the matrices Yi, constitute a group A, which is isomorphic to the homo- 
geneous modular group of degree n —1 and is a subgroup of A,. The left 
cosets of A. relative to A, are of the form Mt,As, 
matrices defined by (119) and (120). 

This result enables us to construct another fundamental domain of A. 
Let 8 = (1.8 + B.) (C3 + D2) be the modular transformation with the 
matrix We decompose 


and obtain 


63, 


hence 


where Qt, runs over all 


0 ®, ©, D2 
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consequently 8, = (%,3; + %,)(€,8: + D,)- is the image of 8, under the 
modular transformation with the matrix Yt,, of degree n —1. For any 8 in 
H, we determine 2t,, such that 2, lies in the fundamental domain F’, of the 
modular group of degree n—1. Since we may replace Mt, by —Mt,, there 
are always two different possibilities for the choice of the corresponding 
element Mi. of Ao. 

We replace 38 again by 8 and consider now the modular transformation 


8 = §8[U] + © with the matrix Mt. By (119), 


where os i9) = 3. On account of the definition (77), the matrices 9)" 
und © have the same first diagonal element p. Putting 9*=— (Vx) and 
(Y x1), We obtain — pa, (l= 2,--+,n), where 
denote the elements of a. We determine first a, such that —(p/2) < Yu p/2 
(J==2,---,n), and nse b, 6, such that the elements Z,; of the first row of x 
satisfy 4 

It follows that any point of H has, relative to A;, an equivalent point in 
the domain defined by the conditions 


— 
(121) 8 (p/ 


Yu=p 


(1==2,---,n), 


| == 2 
4 --,n). 


On account of the ambiguity in the choice of Mt., this domain is not yet a 
fundamental domain, of A,;. It is transformed into itself by the particular 


mapping 2:1 (Jl 3:12 3:1, obtained from 
M, = — E, M, — By the additional condition 
(122 


together with (121), we obtain now a fundamental domain F* of A. 

In the special case n = 1, the condition (122) does not exist, and (121) 
reduces to —$ }. 

44. By Lemma 6, the first element p of © is invariant under all trans- 
formations of the group A,. Since Fy and F* are both fundamental domains 
of A,, we obtain 
(123) f f(el2p)dv = f dv. 

Fo Fe 


We use now the decomposition 


0 0 € Yo)’ 


SYMPLECTIC GEOMETRY. 


where 


(124) Y.* = Yo — 


and 9), denotes the imaginary part of 8:. Introducing as new variables the 
elements mm: S1l=n—1) of = (mm) instead of the elements 
Yur (2 Sk Sl=Nn) of Yo, we obtain, by (124), 


(125) [I 


= (daxidmi) I] = dr, II 11), 
l=1 =1 


where dv, is the symplectic volume element for 8, instead of 8; moreover 
Yi, =p. 

Define »» —1 for n=1 and =2 forn>1. By (111), (121), (122) 
and (125), 


co 
(126) f Vn f pf dp 
Fe 0 
1 


f (2) da == Vn. (el)-*, 


0 


where V,_, is the volume V(Iy_,) of the fundamental domain F, for the 
modular group of degree n —1 and Vo 1. By (117), (123) and (126), 


W(e) Vail (20), 
independent of «. Lemma 14 leads now to the recursion formula 


Vin = —1) ! Va, 
whence 


(127) Vn = 211 —1) ! 
and Theorem 11 is proved. 


45. By a well-known result of Euler, 


where B.;, is the absolute value of the Bernoulli numbers 


Thus we obtain the expression 


! 
Qn*+1n(n+1)/2 II Box \ 


k=1 


57 
4 
l 
| 
3 2 (2k) ~ (2k)! (k =1, 
1 ] 
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and in particular 

r® 10 

127575 200930625 


Consider now the congruence subgroup T;,(p) of the modular group of 
degree n, defined by Yt== € (mod p), where p is a prime number. Its index 


has the value 
(128) jn(p) = I] p**(p* — 1). 


For p> 2, this group has no fixed point in H, by Theorem 10. Jf Theorem 5 
still holds good for the non-compact fundamental domain of T,(p), then this 
open manifold has the Euler number 


x= ar) (n+1) (p). 


We denote by xn(p) the right-hand side of this hypothetic formula. 


Using the values of ¢,, C2, ¢3 given:in Theorem 5, we find 
T 
and consequently 


| 
x.(P) 720 rie —1), 


xs(P) = — 1) (p* —1) — 1). 


It is easily proved that these rational numbers are integers for all prime 


numbers p; in particular xi(2) =—1, x2(2) =—1, xs(2) =2. 


46. Let ¢g=p*(a=—1) be a power of a prime number p. For any 
integral skew-symmetric matrix @‘°"), we denote by Ag(®) the number of 


integral solutions 2, mogulo q, of the congruence 
(129) (mod q). 


In particular, Ag() =, is the order of the homogeneous ‘modular group 


modulo g, namely the number of incongruent solutions YW of 
(130) [Dt] (mod ¢q). 
It is known that EL, = jn(p) has the value (128), and more generally 
9 


By (129) and (130), MX is also a solution of (129) ; we call it equiva- 


i 
6 
9.gQ! 
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lent to &, relative to the group of the Yt. Since there are exactly EL, matrices 
in each class of equivalent solutions, the number of different classes of solu- 
tions of (129) is Ag(G)/E£g. On the other hand, the number of incongruent 


skew-symmetric matrices © is g"°?""), and 


Aq(G) = 


is the number of incongruent 2. The average number of classes of solutions is 
iherefore 


Aq(G 
(131) ACO) _ (1 — dy, 
& k=1 
independent of the exponent a. 

By Euler’s formula 
(¢>41), 
p 

the result (127) may be written 


dy = [I dy, 


where p runs over all prime numbers and 
rk 
(132) d, = 4). . 
“ga (k—1)! 
Now the main formula in the analytic theory of quadratic forms suggests 
that d,) can be defined independently as a density connected with the real 
solutions 2 of the equation [2%] — @. We shall prove that d) has the value 


defined in (4); this is the statement of Theorem 12. 


47. Let 
6, 


be a real skew-symmetric matrix and 


1 


then $, = + + @;) is hermitian and = 43(G.— 


+ 77 (%, —@,;) is complex skew-symmetric. For © =, we have §, —€ 


and %==0. We choose a neighborhood G of © =, such that | §, | #0 
and that the characteristic roots b,,: +, b, of the matrix 
(134) 


are of absolute value < 1, for all GC G. 
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The series 
co 
converges and satisfies the equation 
— E+ B. 

The: characteristic roots of the matrix are 1+ (14+ 40 
(k=1,---,n). We define 
(136) §=43(€+ B)§H:; 
then | § | 0 and | 296—§, | 

LemMMA 16. The matrix § is hermitian and 

We have 

BY = — AW and BS, — 
whence 

= 36: (E + BW) = 3 (E+ 

and 

= A(E + = — (E+ BW) BS, 

= (€ —BW)H. — 26: — 29, 

q.e. d. 

We define now 
s—( 


and obtain, by (133) and (137), R{C} —R, and 


whence in particular | € | 40. 


iO 


48. We consider now the set L of real matrices 2 satisfying 3[] 
=@CG. Putting 


(138) 
we have 
and consequently 


(| 
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moreover 
= — A, OD, = 2 — 

By (133), (134), (185), (136) and (137), the neighborhood G of G=3 

is mapped onto a neighborhood G* of 6 —€, 2% —0 in the (©, %) space. 
Since | § | 0, we have §>0. ‘By (139), | Q| 0 and 


BO" —*X + wy 
is a point of H with the imaginary part 3 = {07}. Then 
(140) B. = (8 —389°H[07])Q, — 


It follows, from (138) and (140), that L is mapped onto the set L* of the 
(3,2, space defined by the conditions 8 C H, (Y{OQ}, C G*. 


If 
— Ms 
Mt, Wes 
is any modular matrix, then the mapping 


(141) D> (MZ+M)Q 


transforms L* into itself and leaves every point of G* invariant. We restrict 
now 8 to the fundamental domain F of the modular group IL. Since the par- 
ticular mapping with Yt——€ leaves 8 invariant and changes © into —Q, 
we obtain in L* a fundamental domain L*, for all mappings (141), if we 
impose on © a linear homogeneous condition, e. g., + Q) = 0; then 
is defined by 8CF, (Q{Q},M%) C G*, o(Q+Q) Let Ly be the 
corresponding domain in LZ. Obviously Zo is a fundamental domain in L 
relative to the homogeneous modular group To, such that the images of Lo 
under the mappings £— Mt cover L completely without gaps and over- 
lappings. 

Denote by v(L,) the euclidean volume of Lo, the elements of & being 
considered as rectangular cartesian codrdinates, and by v(G@) the euclidean 
volume of G, where the elements of the skew-symmetric matrix 6 = 3[%] 
above the diagonal are the coordinates. Theorem 12 asserts that 


(142) lim 


if G runs over any sequence of neighborhoods tending to the single point %, 
with the value d, defined in (132). Obviously the left-hand, side of (142) 
is the analogue of the expression in (131), for the real valuation instead of 


the p-adic valuation. 
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49. In order to simplify the notation, we introduce cartesian codrdinates 
for a matrix T°") = (tx) in the following way: If & is arbitrarily real, we 
choose the m? codrdinates tx: (k,l =1,-- -,m); if is symmetric, we take 
the 4m(m-+1) coordinates (lS if is skew-symmetric, 
we take the $m(m—1) coordinates (1 <lSm). If & is complex, 


we split 
B= 


and proceed in the same manner with the real part {, and the imaginary 
part 2. In particular, a hermitian matrix T has then the m* codrdinates 


] 
tix (k= 4 (ter + far), 5; (ter — far) (Aask<l=m). 


Tn all these cases, we denote by d= the euclidean volume element in the space 
of the codrdinates of &. 
By (133), (138) and (140), we have 


= d2, d&—d¥,dO, =| |" 


Lo 
with 


R= = (8 + $897 A[Q7]) (E — 
In a sufficiently small neighborhood of 2 — 0, the power series 
converges, whence 


AR ~ | OH |" dQi~dQ (M0). 


It follows that 
| QQ | d¥dYdQdu (G—>%). 


Qn(n-1) 


L*o 
We choose a real matrix ©,'"), such that ©’,@, = Y). Then the condition 


9{0} — is replaced by § with Since 


we obtain 
(143) v(L,) f | |-"-? - 4 f | dD.dt (4%). 


F (2,83, C 


On the other hand, by (133) and (136), 


| 
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»(G) = = 2" 
G 
d$, ~ dH (G—>%); 
hence 
(144) v(G) ~ f 
(9, C G* 
The first integral in (143) has the value V,» = V(T). By (132), (148) and 
(144), the proof of (142) is reduced to the proof of the following lemma. 
Lemma 17. Let H, be a domain in the space of the positive hermitian 


matrices and $* > 0; then 


H*LD CA, §CH, 


We determine a matrix @* satisfying 6*{€*} = € and replace OQ, dQ by 
C*O, | C*C* |" dO. Then we have only to prove (145) in the special case 
= &. 

We apply induction and assume first n > 1. Let Qo be a matrix having 


S) 


the same first column q as OQ and | Q,|~ 0; then 


0, (1 
0 


Introducing 


we have 


(147) | = 


|, 2 + At. 


We replace t by the new variable 5 and obtain 


dt — h*-*db, 


Using (145) with n —1, Mo, T, M instead of n, H*, Q, H, we find 


(148) = f | DoDo | My |ndqdddM, 


\ 
\ 
es 
ve 
ke 
ic, 
x, 
| 
n 
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where the domain of integration for the variables q, 5, Mis given by (146), 
(147) and the condition § C H,. We take the new variable D instead of 9, 
with dD — dt, and perform the integration over q, for fixed values of d 
and D. Now 


n 


dq—=J(g)=—g"; >), 


vq 
whence 
ho he 
9 hi--dq = (h) Sf 
(149) u-"dq f h 7h dh dh. 
Ih Iy 
But 


and consequently, by (148) and (149), 


(150) f f ag. 


YOCH, 


It remains to prove (150) in the case nm =1. Then it is contained in 
formula (149) which holds good also in this case. 


50. The relationship 
dy = d, 
p 


constitutes another example of the “ integral formulae ” of analytic number 
theory which appear in the theory of class fields and in the theory of quadratic 
forms. The formula also holds good in the case of an arbitrary group 
A(@,§), if the densities d, and d, are defined in an analogous manner. But 
we do not go into detail since the proof of this statement depends upon the 
analytic theory of hermitian forms, of which no complete account has hitherto 
been given. 

We proved in Section 31, that the matrix 9)* is bounded in the funda- 
mental domain F of the modular group. Theorem 11 may be used for an 
estimation of the maximum pp of | ¥ |-* in F. It follows from (80), (90) 
and (91), that F is contained in the domain F, defined by the conditions 


QSkSi=n), 
where F# is the Minkowski domain of Section 29. Consequently the symplectic 


volume of F, is equal to the euclidean volume of that part of R which is defined 
by Syn, © CR. By an important result of Minkowski, this volume is 
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Hence this number is an upper bound of Vn. Using (127), we obtain the 


estimation 


and in particular 


3 30 42525€(3) 


the exact value of »; being 2/3%. By Stirling’s formula, for n > «, 


log mm (log +011); log jun > log n + O(n). 
Ke us 


This proves that ym increases rapidly, as a function of n. 

Let now 8 = X + 19) be an arbitrary point of H and let 3* —X* + i2)* 
= (YZ + B) (C8 +D)- be the image of 8 under any modular transforma- 
tion. By Section 30, the expression 


| =| abs (€8 + D)? 


has its minimum value, if and only if.8* lies in F. Hence py» is the maximum 
of these minima, for the set of all 8 in H. A fortiori, there exists a matrix 8 
in H, such that the inequality 


abs (€8 + D)?=>m| | 


holds for all second matrix rows (©®) of modular matrices, where v, is the 
number defined in (152). Writing 8 = $0", we have 


— O'P = 0, (PQ — O'B) > 0 
rq) 


and 


abs (CPB + DQ)? = m |= OP) |}. 


IX. COMMENSURABLE GROUPS. 


51. We proved in Chapter V that the group A,(G, ) is commensurable 
with A,(7,s). In order to demonstrate Theorem/13, we have now to discuss 
the necessary and sufficient conditions for the commensurability of two groups 
Ao(r,s) and Ao(7, s,). We assumed that the numbers r and s are integers of 
the totally real field K; all conjugates of s except s itself are negative, whereas 
r is totally positive. Obviously s generates the field K. The numbers r, and s;, 
have the same properties with resnect to the totally real field K,. 


5 


, 
| 
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With the groups Ao(r,s) and Ao(r:,8,) we associate the two quadratic 
forms 

Q(r,s) = rsx? — ry? + sz? and 81) = 118,41? — + 8121? 
in 3 variables. 


Lemma 18. If Q(r,s)'and Q(1, 8:1) are equivalent in K, then K = K, 
and the groups Ao(r,s), Ao(71, 81) are commensurable. 


Under the assumption of the lemma, s, is certainly a number of K; 
therefore K,C K. Since all conjugates of Q(r,s) are negative definite except 
Q(r,s) itself, the same holds good for Q(r:,s:) considered as a quadratic 
form in K; consequently s, is aiso a generating number of K and K = K,. 

Using the quaternion units €o, €:, €2, €3 defined in (74), we have Q(r, 
= (re, + yeo + ze3)*. Let § = (fxr) be the matrix of the linear substitution 
transforming Q(r,s) into Q(71,s8,) and let 


Then 
and consequently there exists a real matrix 2‘? satisfying 


|2|=1, (k = 1, 2,3), 
@, == V Vr, > a, == = Vs; 0 


The elements of Ao(r,s) are defined by 


FM] —3, 


k=0 
with integral (tk =0,---,3) in K. Putting 
(158) (E™ $+) — EM 


we obtain 

M Ay X Bi X = 
with 
(154) M, Wo Xe +3 Br X ox, 


and & is symplectic. 
Let ¢ be an even positive rational integer, such that the matrix qg%-*/2rs 


is integral. If M==€ (mod q), then Vrs, =E, 


3 
m = = 1, 2,3). 
| 
i 


ic 
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Vrils Vs%,=0, — Vr, hence is integral and 
(mod ¢/2rs) (k =1,2,3). By (153) and (154), B, is also integral and 
M, — K*MR is an element of the group Ao(7:,s:). Consider now in Ao(r, s) 
the subgroup of all Mt, such;that Mt, is contained in Ao(r,s,). Since this 
subgroup A*, contains the congruence subgroup of Ao(r,s), for the module q, 
it is of finite index in Ao(r,s). On the other hand, R*A*,® consists of all Dt, 
in Ao(11, 81), such that Dt = RMR" is an element of Ao(r,s); hence the 
same argument shows that R*A*)® is a subgroup of finite index in Ao(1, s:). 
It follows that A,(r,s) and Ao(r,,s:) are commensurable. 


52. On account of Lemma 18, the condition of Theorem 13 is sufficient 
for the commensurability of Ao(7r,s) and Ao(11, 8:1). It remains to prove that 
this condition is also necessary, which is a little more difficult. 


Lemma 19, Let aand b be two numbers of K, ab40 and Ko an arbi- 
trary algebraic number field. There exists an integral number t in K, such: 
that at? — b is not the square of a number of Ky and a(at?—b) 1s totally 
positive. 


We may obviously assume that a, bare integral and K C Ky. We choose 
in K a prime ideal A having the following 3 properties: A is not divisible by 
the square of a prime ideal of Ko, i.e.,'A is not a’factor of the relative dis- 
criminant of Ky with respect to K ; 2ab is not divisible by A; ab is a quadratic 
residue modulo A in K. Then there exists an integer ¢ in K, such that at? —b 
is divisible by A, but not by A’, and that, moreover, a(at?—b) is totally 
positive. Since af? —b is divisible by exactly the first power of a prime ideal 


in Ko, it cannot be a square number in Ko. 


LemMA 20. There exists a quadratic form Q(To,80) equivalent with 
Q(r,s) in K and a quadratic form Q(r2, 82) equivalent with Q(1r1, 8:1) in Ky, 
such that the field K* (Vr, V 80, Vrs, V 82) has the degree 16 relative to K*, 
where K* is the union of the fields K and K;,. 


Using Lemma 19, we choose an integral number ¢ in K, such that 
rt? —s = 1, is totally positive and no square in K*. Then the quadratic form 
Q(r,s) = rsx? — ry? + sz? is equivalent with rsx? — roy? + rorsz?. in K. 
Applying again Lemma 19, we construct an integer uw in K, such that 
rorsu? + rs =» is no square in K*(Vro) and ss» is totally positive. Then 
Q(r,s) is equivalent with Q(1, 80) in K and the field K*(V1r, V 50) has the 


1 
it 
iC 
le 
0 
n 
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degree 4 relative to K*. We complete the proof of:the lemma by using the 
saine argument for Q(11,8:), K,, K*(V ro, Vso) instead of Q(r,s), K, K*. 

By Lemmata 18 and 20, we can assume for the rest of the proof of 
Theorem 13, that K* (Vr, Vs, Vr, Vs) has the degree 16 relative to the 
union K* of K and K,. 


LeMMA 21. Let G, be a subgroup of another group G, of finite index j. 
For any element A of 'G, there exists a positive rational integer g = j, such 
that AY is an element of Gy. 


Let G,, G.,- - -, G be the right:cosets of G, relative to G and consider 
the 7-+1 powers A* (kK =0,---,j). Then two of these powers A* and 
A! lie in the same coset, and A’, with g =1—k, is an 


element of G,, q.e. d. 


53. Lemma 22. Let A* bea subgroup of Ao(r,s) of finite index. Then 
there exists in A* a diagonal matrix B%, such that all diagonal elements of B 
are different one from another and that no conjugate of %, different from B 


and ¥*, has a diagonal element in common with &. 


Let h be the degree of the field K with the conjugates K"),---,K™ 
and K“) — K. The number of algebraic fundamental units in K is h —1. 
The field K (vrs) has the degree 2h; since it has 2 real conjugates and 
h —1 pairs of conjugate complex conjugates, the number of algebraic funda- 
mental units in K(\Vrs) is h. Consequently there exists an algebraic unit 
A =a-+bvVrs, where a and b are numbers of K, such that no power A? 
(g=2+1,+2,---) is a number of K. 

Denoting by N the norm relative to K, we have N(A) =a* — rsb? = c, 
where ¢ is an algebraic unit in K, and N(c'A*) =1. We replace cA? again 
by A; then J is an algebraic unit in K(\/rs), no power AY (qg= +1, +2,--:) 
is a number of K, and N(A) =1, A? =a—bVrs. By Fermat’s theorem, 
we may, moreover, assume A= 1 (mod 2\/rs); hence a and b are integers 
of K. 

Let g:,° - -,4n be different positive rational integers and let 


Then the matrix 


| 
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is an element of the group Ao(r,s). By Lemma 21, a certain power ¥% with 
positive exponent g lies in the subgroup A*. Replacing gq, (k =1,- - -,n) 
by qx, Wwe may assume that already 8 is an element of A*. |The diagonal ele- 
ments of 8 are A”*,A@ (k=1,---,n). Since the exponents gx,— qx are 
all different and A is no root of unity, these diagonal elements are all different. 

For any number ¢ of K, we denote by ¢'” the conjugate of ¢ in K. 
The 2h conjugates of =a, + are ax) + rOsO 
(l==1,---,h). Since 40 and rs < for 2,---,h, only the 
two conjugates a, + be Vrs and a, — by Vrs = are real. If a con- 
jugate $%3* of $B has a diagonal element in common with 8, then the substi- 
tution {— $%* arises either from the identical mapping A—A or from 
hence $* or P* — d. 

We assume that the groups Ao(r,s) and Ao(1,8,) are commensurable; 
we shall now first prove, that then K = K,. There exists a subgroup A* of 
Ao(r, 8), of finite index, and a symplectic matrix ®t, such that #-A*# — A, 
is a subgroup of Ao(7,8,), of finite index. Henceforth we do not need the 
existence of a symplectic matrix #t with this property; we have only to assume 
that there is a non-singular matrix §t with real or complex elements’satisfying 
A*t = WA, where A* and A, are subgroups of Ao(r,s) and Ao(r:,8,), of 
finite indices. Obviously we may then, moreover,'assume that # lies in the 
field K*(vVr, Vs, Vn, Vs) = K,, of degree 16 over the union K* of K 
and K,. 

Let $8 be the matrix of Lemma 22. Since $ belongs to the subgroup A* 
of Ao(r,s), the matrix # “PR is an element of A, and lies therefore in the 
field K (Vn; Vs,). We consider any isomorphism A of Ky which does not 
change the numbers of Ki(Vn, Vs;). Denoting the image under A by the 
subscript A, we have Ra? —R'PR; hence the matrix RaR* 
satisfies 


(155 = 


This proves that the diagonal matrices $4 and $ have the same diagonal 
elements, perhaps in different order. By Lemma 22, either $4 — or 
If a+bvVrs is a diagonal element of then and 
(a+ bv rs) 4 rs: whence (rs)4 = 7s. 

On the other hand, rs generates K, since all conjugates of rs except rs 
itself are negative. Consequently all numbers of K are invariant under A. 
This proves K C Ki(V Since K*(V V 81) has the degree 4 
relative to K*, the intersection of Ki(Vn, Vs1) and K* is K,. Therefore 


l 

l 

) 

|_| 
1 
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KC K,. Interchanging K and K,, we have also K,C K; consequently 
K x... 


54. We use the abbreviation 
( 


LEMMA 23. There exists an element M of A*, such that CMC--—D 
is a diagonal matria with different diagonal elements. 


Analogously to the proof of Lemma 22, we construct an algebraic unit 
p=a+bvVs in K(Vs), such that a,b are integers of K, a? —sb?=1 
and all powers up? (¢q=+1,+ 2,:--) are different one from another. Let 
*>Qm be different positive rational integers, O; = and 


0 


M — C7OC — 3 9.7 a, + 


1 
1 €o 1— 2,7) €3 
$(O: + 9:7) X 


Then the matrix 


is an element of Ao(r,s). By Lemma 3, a power Dt? = €"O9C lies in A*. 
Replacing Yi?, O2 by Wt, O, we obtain the proof of Lemma 23. : 

Let again A denote an isomorphism of K(vr, Vs, Vr, Vs) = K, 
which leaves invariant all numbers of K( V7, Vs). Analogous to (155), 


we obtain 


(156) Qa = (CVE*)Q(CBC)> 


with the matrix 0 of Lemma 23 and 8 = Rt4¥#t. Consider in particular the 
isomorphism A, defined by Vs—» ~~ Vs, Vro Vr and write more shortly 
the subscript s instead of A,; then 


OF —07. 


By (155) the matrix R,#t-? = % has the form 


B= 0 


where (0) and (1) denote diagonal matrices; by (156), the matrix 
@BC- has the same form, whence 


= 

i 
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0 (1) 


= (Ds(1)D(1) x Kt, 


D,(1)D(1) 


Consider now the isomorphism A, defined by Vr >— Vr, Vs—> Vs; 
then 
QO, =O, 


and we obtain from (155) and (156) the formula 


(159) (oa) 


with a diagonal matrix (2), whence 
(160) D,(2)D(2) 


Interchanging r,s and 1;,8,, we find'in an analogous manner 


(162) D(3)Ds,(83) D(4)D,,(4) 
with diagonal matrices D(3) and D(4). Moreover Ryr, = Rtr,r, whence 
(163) (D,,(2)D*(2) X €o)H R(D,(4)D*(4) X oo). 


Since | #|540 at least one element ri: of the first row of St = (rx) 
is 0. We assume 71,540 for 1= py and define p= po, if po Sn, and 
Pp=po—n, if p>n. Let a be the first diagonal element of (2) and 6 be 
the p-th diagonal element of (4). By (160), (162) and (163), 


= 1, bb,, = 1, aby = 


55. Lemma 24. There exists a number c~0 in Ky satisfying 


(164) ac = Cr, bc = Cry,. 
If a1, we define d = mie , whence 
avr 


ad; 


if a= 1, we define d=1. In both cases ad=—d,. Putting mf, we find 
thr, 1, 


(157) 
| 
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brdr brad 


for f 41, and g =1 for f—1. In both cases 


Let g = 
Ir = 9; 


and c = dg has the required propetries. 

Since there is an, arbitrary scalar factor 0 in ft, we may replace # by 
c®t, where c is defined in Lemma 24. It follows from (159), (161) and (164), 
that then a and b are both replaced by 1. 

Let « be the first diagonal element of (1) and B the p-th diagonal 
element of (3). By (158) and (162), 


(165) aa, — 1, BBs, = —1. 
Calculating 


by (157), (159) and (161), we obtain, moreover, 
(166) Br=—B, Br,=——B, Bas, = aBs. 


By (165) and (166), the numbers u=aVr and v=£BY*r, lie in 
K(Vs, V's;) and satisfy 


UU; == — UVs, 1, UUs, = 


Defining w = u/us, = V/Vs, We have ws, = wt = we, and consequently w is a 
number of the field K(Vss,). Let 7 = Vss,/(w—1) for 1, andr—1 
for w—1; in both cases 7 lies in K(Vss,) and ts —7s, = wr. Then the 


numbers p = ur and o = 07 satisfy 


Vv 
Ps, =s Us,Ts, Og = UsTs Wr = UT = Jad, 
Pps UTUsT3 == — TTT 25 = UTV3,T 8, 815 
whence 


p=Etnvs, 
(167) & — = — — ss,o*), — sum? = — 71 — 88,07), 


where €, 7, &:, 91, €, » are numbers of K which are not all 0. 


We consider first the case o 40. Performing|the 3 linear substitutions 


— 


SYMPLECTIC GEOMETRY. 73 


= + Eys, y = + 2s 
Yo + 


Ve 
— Ys Sw (Sy? — &) + sw 


+ Zo = 


= + 91, 
we obtain, by (167), 


+ sz? = r(sy* — &) — sys?) + 823? 


(22? — 81Y2”) + 81207 = — + $141? = Q(T, $1) 5 
hence Q(r,s) and Q(7,8,) are equivalent in K. 
In the remaining case w = 0, we have 


— rf? and §? — sym? = — 1,0. 


Consequently the diophantine equation Q(r, s) = 0 has the non-trivial solution 
y= sn, z= Moreover it follows immediately from the signs of the 
conjugates of 7 and s, that K is the field of rational numbers. Applying the 
2 linear substitutions 


we obtain 


Q (1, = — sy2? + = 


hence Q(r,s) and Q(1,1) are equivalent in K. Since the same holds for 
Q(7r1,8,) instead of Q(7r,s), Q(r,s) and 81) are also equivalent in K. 
Theorem 13 is now completely proved. In the particular case 


we have 
A(G,,9:) and Q(%, — yi? + 2,2. 


It follows that the group A(@, ) is then and only then commensurable with 
the modular group, when the diophantine equation x* + ry? =s has a solution 


v,y in K. 
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X. UNIT GROUPS OF QUINARY QUADRATIC FORMS. 


56. For n > 2, the groups 4(G,) and their subgroups are the only 
known examples of non-trivial discontinuous subgroups of the symplectic 
group. However, in the case n = 2, another set of examples is abies by 
the unit groups of certain quinary quadratic forms. 

Consider the special quinary quadratic form 


S[w] — — ws? + 
and a complex column satisfying 
(168) S[w] —0, S{w} > 0. 
If w;=0, then w,w,—w,? and + w2W, — 2wzis > 0, whence w, 0, 
— = w,W, + Wed, — > 0, 


which is impossible, the left-hand side being the square of a pure imaginary 
quantity; consequently Introducing inhomogeneous codrdinates 
= ty, we infer from 


Sls] —0 and — >0 


the relationships 
(169) = > 0, 


whence, in particular, y; 40. On the other hand, (168) follows again ‘from 
(169), if we define w = w,3 with arbitrary w; ~ 0. 


The matrices 
2 
by 


with 4,42 — y;” > 0 and y, > 0 form the space H for n = 2; let H be the 
space defined by yiy2— ys” > 0 and y, < 0. 

Consider now a real linear transformation t) = Bw, such that S[fv] — 0, 
S{} > 0 follows from (168). Since the equation S[w] — 0 is irreducible, 
we conclude that S[¥] —AG, with a scalar factor A 0. Consequently 
and these transformations form a group. Since ~,ws are 
homogeneous coordinates, we may replace by »¥B, for any scalar 0. 
But | Bl]; hence we may assume | —1 and = 
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Put (vm) and i. Then the fractional linear 
substitution 


(170) (k =1, 2,3) 


with 2, = 2,22 — 2,” and z, = 1 transforms the space H either into itself or 
into H. We are only interested in the substitutions which leave H invariant ; 
they form an invariant subgroup of index 2 in the whole group. We denote 
this subgroup by 2(G). 

Obviously we obtain the solution of (170) with respect to 21, 22, 2s, if we 
replace B by BV and interchange 3.3. Hence (170) is a birational analytic 
mapping of H onto itself. A simple calculation gives the functional 
determinant 
d (21, 2s) 


23) 


On account of Theorem 1, the transformation (170) is symplectic: 


ame) — § = (18 + 8) (68 +2) 3) 


57. Let us now start from an arbitrary symplectic transformation (172). 


Defining 

0 1 

we have 32[%] =| Ge for any matrix and consequently 
(173) (C3 + D)* =| €3 + D [7B (3BO’ + B27. 
Moreover 


+ Be | | + | Ge | + 

for any two matrices and whence 

(174) | +B] —|AZ|+|B| + 

(175) 168+ 
We apply (173), (174) and (175) for the calculation of 


A 


§ = (A8 ++ B)(CZ+D)2 and 


5 
VEIZ1 
> 
l=1 
4 
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It follows that 

(176) B= + + + 3.7 
(177) =o + ws +1 Bl ws 

(178) = o + | Cl ws ws 


with 
We We W3 We 
is a real linear substitution »—%w mapping the domain S[m] —0, 
S{m} > 0 into itself. Hence | Moreover, B 
is not changed if we replace Yt my — Wi. This proves the identity of 2(S) 


and the symplectic group Q, for n = 2. By (171) and (178), the functional 
determinant of the transformation (172) has the value 


2 


(v0; = | C3 + 2D 


on the other hand, by (24), d3 = d3[€3 +], which leads to the value 
| €3 + D|-* of that functional determinant; consequently | 
and —G. 


58. The formulae (176), (177), (178) and the identity of the groups 
2(S) and Q can be demonstrated in another way, without using Theorem 1. 
Let us first determine all skew-symmetric symplectic matrices ©). We 


have the conditions 


9 
(179) >) 


By (179), 
Ws: 
C—FW, B —( ) 


We We 


with arbitrary by (180), and w,% are symmetric and 
(ww; Hence either W is non-symmetric and then, neces- 


sarily, 6 = + 3 or B is symmetric and 
(181) — = ww; — 1. 
Omitting in the second case the condition (181), we obtain the identity 


(182) (36)? = — S[w]E 
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6 We my —(% 
We 


and arbitrary Ws. 
We substitute 


with 


183 
( ) We == — Vg — V5, Ws = V4 — 
then 
(184) 3G@=—( 
— — BWYe 
— UV; V; — Ve 0 V4 Us 
5 
Vo —vwv Vs 0 
1 + 2 3 + 
0 V4 + Us V1 +- Vo k=1 
— V4 — V5 0 V1; Ve Vs 
S[w] = > (—1)* rx’, 
= — Bide <ts5), 


by (182). The 16 products (ee = 0,1; =1,---,4) form 
a basis for the four-dimensional complete matric representation of the well- 
known Clifford-Lipschitz algebra of order 16. The matrix $i %2stts is per- 
mutable with all matrices of the algebra and has the square ©, hence it is equal 
to € or — &;; by direct calculation we find the value € and therefore 


(186) = 
Let now 1) = Bw be a real linear substitution with G[t] = G[w] and 


| 1. We denote the matrix of the substitution (183) by & and put 
LI YL — By (182) and (184), the matrices 


(187) = (k& =1,---,5) 


satisfy again (185), and consequently their product is + ©. It follows from 
(185), (186) and the linear independence of the 16 products that 


(188) | K| E—E; 


hence (186) holds also for %% instead of Ox. 


V7 
. 
) 
| 
l 
| 
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Since the two representations generated by %% and %% are necessarily 
equivalent, there exists a real matrix Mt, such that 


A 


Moreover, by (184) and (187), the matrices 3%, and ¥F, are skew-symmetric, 
and consequently (189) leads to 


This proves that MYM" is a scalar multiple of €. There is an arbitrary 
real scalar factor in Yt; hence we may assume G[M]—+%. Putting 


we obtain 
(191) G = + G[M] 
or more explicitly 

W4 Yo WS. , Wado 

192 = + mM. 


On the other hand, if Mt is any real matrix satisfying 3[Mt] — + %, 
then the matrix @ in (191) is again a skew-symmetric solution of (182) and 
consequently of the form (190), and (192) defines a real linear substitution 
= Vw with S[V] —GS and | B| —1, by (188). We may replace M by 
— MW and obtain the same matrix ¥%, but the pair Mt, —®M? is uniquely 
determined by &. 

Imposing on 8 the condition ¥[Mt] — + %, we obtain a subgroup of 
index 2 in the group of all 8; and this subgroup is isomorphic to the inhomo- 


geneous symplectic group, by (192). If we write 


w= >) 


and calculate the single terms in (192), we find exactly the formulae (176), 
(177) and (178). 


59. Let K be again a totally real algebraic number field of degree h. 
Let T[v] be a quinary quadratic form with coefficients in K such that all 
conjugates except T[b] itself are definite. We assume, moreover, that T[b] 
has the signature 2,3, i.e., that T[v] can be transformed into — v,* + v2? 
— v;" + vs? — v;” by a real iinear substitution. Then there exists also a real 
matrix such that T[N] — S. 

Consider now the units of = in K, i.e., the integral matrices U in K 
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satisfying T[U] —T. Since | U| —+1 and |—U| ——| |, we restrict 
ourselves to the case |W|—-+ 1. Then the matrix R“UR—® satisfies 
— GS, | BV | —1, and the corresponding substitution (170) transforms 
H either into itself or into H. We consider only the matrices U1 with the 
first property; they form a subgroup of index 2 or 1 in the whole group of 
units with | | —1; we denote it by A(Z), and by A(Z) the isomorphic 
subgroup of ©. 

Let us first prove that A(Z) is discontinuous. By Section 19, it is suffi- 
cient to prove that A(Z) does not contain an infinite number of bounded 
elements. Otherwise A(X) would also contain infinitely many bounded matrices 
U, by (176), (177), (178) and Since T[WU] and all con- 
iugates of B[v], except Bb] itself, are definite, all conjugates of these 
matrices are bounded. Moreover their elements are integers, and this is a 
contradiction. 

We apply now the following results from the theory of units of quadratic 
forms. Let Q be the space of real matrices O°”) satisfying 


>0, ge —(G). 
If 


is a real solution of S6[¥] — G, with V, — ¥,"*’, then the mapping 
QD (B,0 + B.) + 


transforms Q into itself. We restrict ¥ to the matrices Jt*UN, where UW runs 
over the units of © with | U|—1. Then there exists in Q a fundamental 
domain @ , with respect to A(X), bounded by a finite number of algebraic 
surfaces and having only a finite number of neighbors. Moreover the integral 


has a finite value. As a matter of fact, a proof of these statements has been 
published only in the case of the field of rational numbers, instead of a totally 
real algebraic field K’ of arbitrary degree h; but the generalization of this 
proof offers no difficulties. 


60. In order to derive the corresponding results for the group A(2Z) 
and the space H, we have only to map Q onto H. If 


B 
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we define 
=r-+ ih, B— 0 ) Qiyy? (33) 


then the elements of 2 = (qx:) are 


=—, k =1,2,3 
Ya Tk ( ) 
and 

= S{aje ); 
hence © is a point of Q. On the other hand, if © is an arbitrary point of Q, 


we determine z, from the quadratic equation 


(195) 
end put | 


(196) 
then 


If we replace z, by the other root Z, of (195), the column 3 is replaced by 3; 
therefore we can choose the root z, of this quadratic equation, such that 
41 > 0, and then (194) is satisfied. 

In this way, the fundamental domain Q, for A(Z) in Q is mapped onto 
a fundamental domain F for A(Z) in H. It follows that F has only a finite 
number of neighbors F’m, for the elements Yt of A(T), and that any compact 
domain in H is covered by a finite number of images /’m; moreover F is 
bounded by a finite number of algebraic surfaces. Putting 8 =X + 7%) and 
introducing the new variables X, 9) into (193), by (195) and (196), we obtain 


F 


v(X) = 4 f | 9) — 4 f 
: 


This proves that F has a finite symplectic volume. 

The latter result is not trivial in the case h =1, since then H is not 
compact relative to A(Z) ; this may be derived from the theorem of A. Meyer, 
that an indefinite quinary quadratic form with rational coefficients is a zero 
form. On the other hand, Z[bv] is not a zero form in K in the case h > 1, 
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since we assumed that the conjugates of T[v] are definite except T[bv] itself; 
it can be proved as a simple consequence that then F' is compact. 

This is a sketch of the proof of Theorem 14; the details may be completed 
according to the scheme of Chapter VII. 

Consider now the invariant subgroup Ax(Z) of A(Z), defined by the 
condition 11 == € (mod «) for the units U of T, where « denotes, as in Theorem 
10, a certain power of an arbitrary prime ideal. It follows from Section 39, 
that Ax(Z) has no fixed points in H. The subgroup Ax(Z) is of finite index 
j in A(2), and the union of 7 images /’m of F’, for suitably chosen elements 
M of A(X), constitutes a fundamental domain Fx of Ax(Z). Since the domain 
F, is compact in the case h > 1, it gives another example of a closed manifold 
with the symplectic metric. 

It is known that the volume v(Z) appears in the formula for the measure 


of the genus of T. In this way an analogue of Theorem 12 might be found. 


61. We proved in Section 27, that A(G,) is commensurable with a 
group A(r,s) of symplectic quaternion matrices + Yt. We shall now derive 
a corresponding result for the group A(z). 

A matrix of rank r is called primitive, if its elements are algebraic integers 
and if the minors of degree r are relative prime. Let W,‘**) be a primitive 
matrix of rank 2. Then the matrix = G™ = (ger) is skew-symmetric 
and has the rank 2; its elements are the minors of YW. It follows by an 


application of Laplace’s theorem, that also © is primitive. 


LEMMA 25. Let G be a primitive skew-symmetric matrix of rank 2, 


with elements from an algebraic number field Ky. Then there exists in Ko 


a primitive matrix Wo, such that So[ Wo] = G. 


Since & is a primitive matrix of rank 2 and degree 4, with elements from 
K,, we can determine in Ky a unimodular matrix Uy, such that the first two 
columns of @ll, are zero. Moreover the matrix @[1U,] is skew-symmetric and 


$2 


again primitive ; hence 


where ¢ is an algebraic unit in Ky. Obviously we may choose UU, such that 
c=1. Denoting by YW, the matrix of the two last rows of Uo"', we obtain 
the statement of the lemma. 

For any skew-symmetric = (gx), 


| & | = — + 914923)? 


6 
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and consequently 
(197) 912934 — + 91423 = 9, 


if the rank of G is < 4. It follows from (197) that the 36 minors of &, of 
degree 2, have the values + grigp (IS k<IS4; 1S p<qs4). This 
proves that the skew-symmetric matrix %“) is a primitive matrix of rank 2, 
if and only if (197%) holds and the six numbers (1 Sk << 14) are 
relative prime. 

Let Wo = (C,°)D,) be the matrix of Lemma 25; then €,D’,; —D,C’, 
= (gis + gos) and consequently the relationship €,D’, D,C’, holds, 
if and only if the condition 
(198) + Jos = 0 
is satisfied. Since W ll, (0E), the equation M.D’, — B,C’; has an 
integral solution in Ko. Then the matrices %, = and 
B, = By — satisfy 

1,8’, — = BoM’, (Ci — DC’, ) 
— B,C’, = E — BoM’, — D.C’), 


and the matrix 


(199) MN, = 


with integral elements in Ky and the second matrix row 8, is symplectic, 
if (198) is fulfilled. 


62. We consider again the substitution = Bw with S[w] 
and | %|—1. We assume now that the elements vz: of B are integers in a 
real algebraic field Ky and that ¥=€ (mod 2). We define 


Gis = Jos Vs2, Ja = 3 Uss, Jis == Ji2 = = VUs5- 


Then (198) is satisfied, and also (197), as a consequence of ©-?[¥’] = ©". 
Since —1 and v;;==0 (mod 2), the 6 numbers (1 Sk 4) 
are relative prime. By the results of the last section, the matrix Yt, of (199) 
is symplectic with integral elements in Ky and = = (gx), whence 


(200) Ws =— = o(C,R 1527") | | Ws | D, | W5. 
Let B, be the matrix of the linear transformation (176), (177), (178) 


with 2, instead of Mt. By (178) and (200), the matrices B and B, have the 
same fifth row, hence (00001) is the fifth row of 86¥,'—%,. Putting 
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9 


we infer from (168) that 


whence ©, = 0 and %,D’, = €. The corresponding linear transformation (176) 
takes the simpler form 


(201) W — + w 


Obviously B, is unimodular in Ko, hence the same is true for the matrix 
¥., and the coefficients in (201) are integers. Let 


al b 
ay 


then a’, b*, c?, d® are necessarily integers, hence also a, b, c,d. Moreover 82%". 


is integral and | Y.|—1; hence B. is integral. This proves that Dt = Mt.M, 
has integral elements. Since | Yt | — 1, these elements are relative prime. 


On the other hand, by (176), (177) and (178), the elements of Mt satisfy 
a system of algebraic equations with coefficients in Ko, and the only solutions 


of these equations are Yt and — Wt. It follows that V (Mt — %, where % is a 
matrix in A, and ¢ is a number ~ 0 in Ko. 


) Since V¢ is the greatest common divisor of the elements of %, the prin- 
cipal ideal (¢) is the square of an ideal a in Ky. Let A; =F, Ao,- + -, Ag 


denote the ambiguous classes of ideals in Ko, i.e., the classes A satisfying 
A* = FE, where F is the principal class. We choose an integral ideal a in Ax 


(k =2,---+,g) and take a, = (1); then = (ax) is a principal ideal and 
a,=1. Let w,,-- +, be a complete system of fundamental units in Ko 
and denote by fi (1 =1,- -, the products (—1)uw,%- 
= 0,1; k =0,- + +,8), in particular f, —1. The products are all 
different; we denote them by -,¢m with m = 28g and =1. 
Obviously ¢ = where is one of the numbers and v is a 


number in 

None of the numbers ¢2,: + + ,¢m is a square in Kyo. We choose now an 
integral ideal w) in Ko, such that none of those numbers is a quadratic residue 
modulo w. If (mod 2), then |D|=1, |X| =1, C=0, 
by (176), (177) and (178). Moreover {D’ ==, and the coefficients of 
] —W are Putting 


ay fle d, ds 


83 
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we obtain 


(202) a,°"=1, a, Hd, = dy, lo =a, =d.=d, = 0 (mod 


But Vt,a, is an integer in Ky; hence 2? = tg (mod wm), = 1. 
We have proved that Mt is an integral matrix in Ko, if B is an integral 


matrix in Ky satisfying S[B] — S, | B | —1 and B=E (mod 2). 


63. Let T[v] be the quinary quadratic form of Section 59. There exists 


in K a matrix &o, such that 
m(— pes? + vet — + — rvs") 
with integral positive m, p,q, 7, 8. Putting 
(pqs) = M2, Ms, = Ms, = Ms, 
we have 
(203) k= 


—- [Lob] —= (— 1) 
k=1 


Let &, be the matrix of the linear substitution 


Wy =— 1, V My — V2 V Ms, We = V My — V2 V Me, Ws = — V3 V Ma, 
= — 14 V Mg — U5 VMs, Ws = VM; 
and let = then — S. 


By (185) and (186), the matrices 


= m (k=1,---,5) 
satisfy the conditions 
= — (I DO — (—1)* (k—1,::: 


(205) 


Using the abbreviations 


we introduce the 16 linearly independent matrices 


Il = rm."&. 
k=1 
1 0 1 0 ? 0 1 
Vs == P2> Vq= P3> Vr = p4, 
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(O 
B, = 0.03 po == == | 
Me “S211 P2 ( 0 & ps Pip2 0 ’ 
~ 
0) 2 0 
| 0 AS1 0 
0 a§1 0 
Bo == = ps ( Bio = ms" = pipsl 
0 93 0 
0 € 0s: 
= mz = paps x pqds = pipsps ~ 
0 a§2 0 
0 
Then any real matrix Yi) can be expressed in the form 
16 
with uniquely determined real scalar factors 2x. 
We denote the real algebraic number field K ( Vp, V4, Vr, Vs) by Ko. 
Let wo be the ideal of the preceding section and choose in K an ideal » having 
the corresponding properties with respect to K instead of Ko. We put 
4 pqrsows 
On account of (203) and (204), the elements of the matrix Jt, lie in Ko. 
Let f be an integer 0, such that fM, and f9t,* are integral, and choose in 
K an ideal v which is divisible by f?4. We consider now the elements U of the 
congruence subgroup Av(Z) of A(Z) defined by condition 1 = € (mod v). 
Then @=M, "UN, is an integral matrix in satisfying S[B] —S, 
| and (modyz). The corresponding symplectic matrices + M 
form a subgroup Ay(Z) of A(Z). 
9); By Section 58, the pair Mt, —- QV? is uniquely determined by the conditions 
(207) Dx = —1,---, 5), 
with 
(208) = (k (1x1) = 
On account of the result of Section 62, the coefficients x; in (206) are numbers 
Ky. We apply any isomorphism of Ky which leaves all numbers of K 
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invariant and denote by OQ*x, the images of Qx, Dx, Then 
(205) and (208) hold good with 9*;, Q*,, instead of Ox, Qe, and the same is 


true for the relationship 
= (0204) (0204) + >, 8), 


It follows that both matrices 


16 16 
k=1 k=1 
are solutions of (207), with Q*;,, Q*, instead of Ox, Ox, and consequently 
+ Ney, = + (k , 16). 


Putting 


we have 


an ( + Lop; — Lap2— Tapip2 (—2s + Lepr + — ps 


— Ls — Vopr + + Lspip2) ps — — V3p2 + T4pip2 

Ly — Lop, + — Lspip2 (25 + Lepr + + Lspip2) ps 

— + Tspip2) ps + + Lsp2 + Lapip2 
if we replace z; by (k -,8), we obtain the expressions 
for 8, ©. By (176), (177) and (178), B=0 (mod p) and ©=0 (mod pz), 
hence 29,* * *,2:¢ are integers. Moreover (202) holds now for the module p 
instead of 2w,; consequently 2s are also integers and 7,"=1 (modo). 
Since | Mt | —1, the *, are relative prime. We apply the 


argument of Section 62 and conclude that the coefficients 2, are numbers of 
the field K. 


Let A(p,q,7,s) denote the group of all symplectic matrices + YM with 


integral 7,,-- -*,@%¢ in K. We have proved that Av(2) is a subgroup of 
A(p,q,7,s). On the other hand, if is an element of q, r, s) 
=1, =0 (mod f*) for k = 2,: -, 16, then =€E (mod f?), by (176), 


(177) and (178), and is an element of the group ). Con- 
sequently the groups A(Z) and A(p,q,7r,s) are commensurable. 
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THE THEORY OF SIMPLE RINGS.* 


By Emit ArTIN and GEorGE WHAPLES. 


Introduction. In this paper we discuss the theory of simple associative 
rings; for such rings we prove structure theorems which are generalizations 
of the well known theorems concerning commutators, automorphisms, etc. of 
simple algebras.._ We use a new method—namely, the study of the trans- 
formations which the functions 

a(x) = 
p=1 
produce on the elements of the ring. The reader will be able, if he wishes, 
to extract from our discussion proofs of the structure theorems for algebras 
which are shorter than those usually given. For his convenience, we have 
occasionally inserted known proofs, in order to make the theory complete. 


1. Vector spaces over rings. If F is a ring, we call a set V of elements 
an R-vector space if its elements form an abelian group under addition and if 
R is an operator domain on this abelian group, satisfying the usual axioms— 
namely the distributive law and the condition that multiplication in the ring 
is the same as combination of operators. Usually R operates on the left side, 
and in that case the product of operators corresponds to the function-theoretic 
product (or(x) = -+(r(x))); but occasionally we write the operators on the 
other side, and then this is not true. In the following, we shall usually assume 
that no non-zero vector is annihilated by every element of R. The only spaces 
we shall consider will be R-subspaces. 

A space is said to satisfy the minimal condition if any set of R-subspaces 
contains a smallest one. This is equivalent to the descending chain condition ; 
that is, to the condition that every descending chain of subspaces must be finite. 
The minimal condition on spaces is occasionally easy to verify by the following: 


TueoreM 1. /f V is the sum (not necessarily direct sum) of the sub- 
spaces V, and V», both of which satisfy the minimal condition, then V satisfies 


the minimal condition. 


* Received January 26, 1942. 
1 For these theorems, and for complete references, see M. Deuring, Algebren, Ergeb- 
nisse der Mathematik, vol. 4, no. 1, Berlin, 1935, or A. A. Albert, Structure of Algebras, 


New York, 1939. 


87 


88 EMIL ARTIN AND GEORGE WIIAPLES. 


Proof. Let W be any subspace of V, W,. the intersection of W and V2, and 
W, the set of all elements v, which appear in any possible equation w= v, + v. 
(These elements will be called the V,-components of W.) Then both W, and 


W,. are subspaces of V. Let W’ be a subspace of W. We contend: 


Lemma. Jf W’ contains Wz, and if all of W, occurs among the V,-com- 


ponents of W’, then W’ = W.., 


Proof. Let w=v,-+ v, be any element of W. Then v, lies in W,, so 
that there is an element w’ with the same V,-component: w’ =v, + v’.. Since 
w—w’ =v,—v’, and belongs to W, it belongs to W.. Therefore w— w’ 
belongs to W’ and so w itself belongs to W’. 

Now suppose we have a set of subspaces W of V,-+ V2. Consider first 
all those of our set for which the corresponding subset W, of V. is minimal, 
end, among these, one for which W, is minimal. There obviously cannot be a 
smaller W in our set. 

A space V is said to be irreducible if RV ~0 and if V contains no 
proper subspaces other than 0. 

Lemma. If the R-space V is the sum of r irreducible subspaces V,, Vo, 

and tf 21, %2,° are any s > r vectors of V, then one of them can 
be written as a linear combination of the others, with coefficients in R. 
Proof. The lemma is evident for r = 0, because that means that V is the 


null-space. Assume that it is true for ,—1 and use induction. Let 


be a splitting of our vectors according to the covering V = V,+ V.+°::° 


+ V,. If the first term of each of these sums is 0, then 2, 7.,° + -%s are con- 
tained in the subspace V2 + V;-+--+--+ V,, and the lemma follows from our 
assumption. Otherwise we can assume 7,,>£0. Then Fz,, is a non-zero sub- 
space of V, and so it follows that Rr,,;—V,. We can, therefore, find elements 
ls, in R, such that The new elements 

Yo = Lz — Ys = Ya = Ly — 


are then obviously contained in the subspace V.+V,+---+V;. Since 
their number s —1 > r—1, one of them, say ys, can be expressed in terms 
of the others. From this expression, we easily get an expression for z, in 


terms of 21, %2,° * %s-1- 
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A sum V=V,+ V.+--++-+ Vn is said to be direct whenever every 
element of V is uniquely expressible as a sum of elements of the V;, or, what 
is the same thing, whenever v, + v2 -+- = 0 implies that each vj = 0. 
In case our sum is not direct and V, is irreducible, there is obviously only this 
alternative: the sum of the spaces V, and (V, + V.+-:-++Vn-+) is direct, 
or else V, has a vector in common with the sum of the others; then Vn, since 
it is irreducible, is included in this sum, and V = V,+ Ve.+---+Vn4. 
Should all the V; be irreducible, we should therefore get a direct sum by 
removing as many terms as possible from our expression V = V,+ V.2+°:-- 
-+ V,; the sum which remains will be direct. 

The following assumption gives a useful class of special R-spaces: Let 
every vector of V be contained in a finite sum of irreducible subspaces. We 
shall call such spaces regular. 

If V is a regular space and contains a direct sum V, + V.+---+ V; 
of irreducible subspaces, we have the following alternative: either V is equal 
to that sum, or there is a vector of V not contained in it. Since the space is 
regular, there must, then, be an irreducible space V,,; not contained in our 
previous sum; then V,;-+ V2+-+- +--+ Vrs. is direct. Should this process 
never come to an end by leading to the full space, we should obtain an infinite 
sequence V,, Vo, Vz,: + + of irreducible subspaces with a direct sum. The 
following descending chain 


Wi ¥, & 
Fu 
W;= 


J 
V3 
J 


+++ 


shows that in such a case the minimal condition cannot be fulfilled. A regular 
space with minimal condition is consequently the direct sum of a finite 
number of irreducible spaces. Conversely, the direct sum of a finite number 
of irreducible spaces is, by Theorem 1, a space with minimal condition. The 
number 7 of components in such a direct splitting is obviously an invariant, 
for if V is the direct sum of W,, W.,--- W., it follows from our lemma that s 
cannot be larger than r; if it were, we could select vectors different from 0 in 
W,, W.,: - - We such that one of them is expressible in terms of the others, 
contradicting the directness of the sum. 

If V and W are two R-spaces, a homomorphism of V to W is a mapping 
of each vector of V onto some vector of W, which is a homomorphism for the 
group operation and is connected with R by the assumption that if o(v) = w, 
then o(rv) = rw, for all r in R. The set of all images of V need not fill out 
the whole space W, but it is always a subspace. Should this subspace be all 
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of W, then we may say that W is the homomorphic image of V. On the other 
hand, many vectors of V might be mapped onto 0 of W. The set of all these 
forms a subspace of V; should this subspace be 0, and should W be the homo- 
morphic image of V, then the mapping is really a one to one correspondence 
and the two spaces are said to be isomorphic. 

We now readily see that in case V and W are irreducible, we have only 
this alternative: either all of V is mapped onto 0, or the mapping is an 
isomorphism. Let V=V,+V.+-:-V, be a direct splitting of V into 
irreducible subspaces, and let W be a subspace of V. The following procedure 
will give us a homomorphic mapping of W onto V,: split any element w 
according to the direct sum into components, and map w onto its V,-com- 
ponent v,. If we, furthermore, assume W to be irreducible, we see that if V, 
and W are not isomorphic, our homomorphic mapping must map W onto 0, 
and consequently the V,-component of any element of W.is 0. So in this 
case W is already contained in the direct sum of those among V,, V2,: - - V, 
which are isomorphic to W. This suggests a grouping of the components V; in 
such a way that isomorphic V; are united. Should V; ++ V.+---+ V, be the 
space generated by such a group, then we see that it contains all irreducible 
subspaces W of V which are isomorphic to V,, and no others. We can, there- 
fore, describe this space in a way not related to any special splitting, by saying 
that it is the sum of all subspaces isomorphic to V,. That its multiplicity s 
is invariant follows from our previous discussion. 

Every ring R can always be considered as an f-space, by defining the 
operator product of the operator a and the vector 2 (where of course both of 
them are in #) as the ordinary product ar. A subspace, under this concept 
of R as left R-space, is then a left ideal. FR can also be considered as right 
R-space ; the subspaces of F# are then right ideals. Since it is very useful to 
study these spaces, it is clear that we shall have to make some finiteness 
assumption about R: we usually assume, therefore, that F? satisfies the minimal 
condition for left ideals, or, what is the same thing, that R is a left R-space 


with minimal condition. 


2. Simple rings. A simple ring is a ring # containing no two sided 
ideal other than itself and 0, and such that R?A0. A vector space over a 
simple ring is either annihilated by the whole ring, or it is not annihilated by 
any element other than 0; for the annihilators of an R-space V form a two 
sided ideal, since aV = 0 implies both RaV = 0 and aRV =a(RV) CaV =0. 
This shows that a non-zero left ideal [ of a simple ring has no left annihilator 
other than 0; for since the set of annihilators of [ is a two sided ideal, the 
only other possibility is that [ is annihilated by the whole ring R. But then 
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R is annihilated on the right by [, and then, for the same reason, the set of 
right annihilators of R would be # itself, contradicting R? 40. The same 
reasoning applies to right ideals. 

Now assume that # contains minimal left ideals (ideals containing no 
subideal other than 0). Let V be an irreducible space and [ a minimal left 
ideal. Since [V = 0, we can find a vector x) such that Iz, = V. If we map 
the element A of [ onto Axo, we obviously get a homomorphism; since both 
spaces are irreducible, it is an isomorphism. Hence all irreducible spaces are 
isomorphic, and the isomorphism with any minimal left ideal can be produced 
by the process described. Let us especially identify V with [. z, is then an 
element of [ such that A> Az» is a one to one correspondence of [ onto itself. 
Since x) must appear among the images, there is an element e of [ such that 


Cy = 2. Hence er) = e?4%, ~ 0, and the fact that it is a one to one corre- 
spondence shows that e? =e=+0. If [ is a minimal left ideal, then [a is a 


homomorphic image of [, and hence is either 0 or isomorphic to [: Let us 
now consider the sum of all minimal left ideals; * from the preceding sentence, 
it follows that this sum is a two-sided ideal and consequently is the whole 
ring R. 

We can now prove a theorem concerning the existence of a unit element. 


THEOREM 2. Jf R is simple and contains minimal ideals, it contains a 
unit element if and only if it satisfies the minimal condition for left ideals. 


Proof. R is the sum of its minimal left ideals. Suppose it contains a 
unit element. Then this element 1 can be expressed as the sum A; -+- A2 + ° °° 
A, of a finite number of components, each of which is contained in a minimal 
ideal. The sum RA, + RA. +: -+ Rd, therefore contains R-1— R, and 
each RA; is a minimal ideal. So R is covered by a finite number of irreducible 
spaces and hence satisfies the minimal condition. 

To show the other part of the theorem, we first prove a more general 
statement : 


Lemma. If R is a simple ring with left minimal condition and { is any 


left ideal, then there is an idempotent e in { such that 1 = Re. 


Proof. Since every ideal contains a minimal ideal, it also contains some 
idempotent. Among all the idempotents of [ select one, e,, such that the set 
of elements of [ annihilated by e, from the right is as small as possible. 
(This set always forms a left ideal m.) We contend that m0. If m were 


2A sum of an infinite number of sets is defined to be the set of all finite sums of 


elements of the components. 


| 
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not 0, it would contain some idempotent e, different from 0; then ee, = 0. 
Put e =e, then ee; ee: =e, and 80 ce = ee, — + ee» 
=e. Now xe = 0 implies zee, = re, = 0, so that e can never annihilate more 
than e,. But e really annihilates less than e,, because e.¢ = es, whereas 
= 0. 

Thus [ contains an idempotent which annihilates no non-zero element 
from the right; let e be such an element. If x is any element of [, x — ze is 
also in [ and is annihilated from the right by e; hence x = ze. We see that 
e acts as a right unit for all elements of [. If we apply the lemma to the case 
{= R, we get the existence of a right unit e in R. The solutions of: the 
equation ex = 0 would form a right ideal r. Now r-r = (re)r =r(er) = 0; 
since a right ideal is annihilated from the right only by 0, r—=0. But «— ez 


is annihilated by e from the left; hence x = ez. 


CoroLLaRy. A simple ring with minimal condition for left ideals satisfies 
the minimal condition for right ideals. In fact, if Re is a minimal left ideal, 


eR is a minimal right ideal. 

This corollary will follow from Theorem 2 as soon as we have proved the 
following 

Lemma. In any simple ring R, an ideal of the form Re (e idempotent) 


is minimal if and only if eRe is a quasi-field. 


Proof. Let R be a simple ring and Re a minimal ideal. For any non- 
zero element a of eRe, we know that Ra 0, since R contains e and ca— a. 
So Ra = Re; this implies eRa = eRe and, since ea =a, eRea = eRe. Hence 
the ring eRe has a unit element, and a left inverse of any non-zero element. 

If, conversely, a is any non-zero element of Re, the set eRa is a left ideal 
in eRe, since eRe-eRaC eRa. If, therefore, eRe is a quasi-field, eRa can be 
only 0 or eRe. In the first case the left ideal Ra would be annihilated by e 
on the left; this can happem in a simple ring only if Ra is 0. In the other 
case, we conclude that ReRa = ReRe. Since ReR = R, this gives us Ra = Re; 
Re is minimal. 

Thus if R is simple with minimal condition for left ideals, R contains a 
minimal right ideal and has a unit element; hence, by Theorem 2, (applied to 
right ideals instead of left ideals) R has the minimal condition for right ideals. 

TueEoreM 3. If [= Re is a minimal ideal, then its R-homomorphisms 
are exactly the set of transformations obtained by multiplying { on the right 
by elements of eRe; hence, if these homomorphisms are written as right 


operators, they form a ring isomorphic to eRe. 
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Proof. {-eRe = Re- eRe = Re, so that multiplication of { by any element 
of eRe gives a homomorphic mapping of [ on itself. If, conversely, a is the 
image of e under any homomorphic mapping, the image of ze will be za. 
Setting x equal to e, we get ea —a; since a is in I, we have also a—ae, 
Hence a = eae e eRe. 

THEOREM 4. To every simple ring R, with minimal condition, we can 
find a quasi-field k and a right space of finite dimension over that quasi-field, 
such that R is isomorphic to the set of all k-linear transformations of that 
space, if we write them on the left side. The space will be any minimal left 
ideal and the field the set of all R-homorphisms of that left ideal. 

Conversely, the set of all k-linear transformations of any right space of 
finite dimension over a quasi-field k is a simple ring R with minimal condition ; 
the space is irreducible, and therefore isomorphic to any minimal left ideal of 
R; and the field is isomorphic to the set of R-homomorphisms of the space. 

Thus the structure of k and the dimension of the space are uniquely 
determined by 

Proof. We split R into a direct sum of minimal right ideals: R = r, + ro 


+:---+r,. If 
(1) + én 


is the corresponding splitting of the unit element 1, we multiply (1) by e& 
from the right and compare the result with the obvious splitting of e; into 
components: = This shows that e; is 
idempotent and that = 0 if Multiplying (1) from the right by R 
shows that none of the e; can be 0, or else we could split R into fewer right 
ideals. 

We now take [= Re, as our left ideal, and let k= e,Re,. e; cannot 
annihilate [ from the left, because a left ideal has no left annihilator. Select 
0 out of Then aje,Re, = a:Re,; but is part of and not 0, 
so that ajk e;Re, —ejl. Hence 
+ enf OI and is therefore equal to I. 

If we multiply a, %,- * +a» on the left side by rej, a is taken into 0 if 
k i, and a; is taken into ra;. Since Ra; —I, we see that a; can be trans- 
formed into an arbitrary element of [ while the other % are taken into 0. 
This shows that the a; are linearly independent over & and that we can find 


an element x ¢ R which takes the n vectors.a; into arbitrarily given images in [. 


’ This theorem was first proved (for simple algebras) by J. H. M. Wedderburn: “ On 
hypercomplex numbers,” Proceedings of the London Mathematical Society, vol. 6 (1908), 
pp. 77-118. 
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To prove the second half of the theorem, let V be a right k-space of 
dimension n, and # the ring of all k-homomorphisms of V. Let a be a two 
sided ideal of R and a= 0 an element of a. Select any n independent vectors 
A,, As,-~ *An of V. a cannot take all these vectors into 0; assume that it 
maps A, onto B+ 0. Let o be a transformation mapping A; onto A, and all 
the other A; onto 0; then ao will map A; onto B and all the other basis 
vectors onto 0. Let r be a transformation mapping B onto C; rao will map A; 
onto an arbitrary vector C and all the other A; onto 0. But rao also belongs 
to a; it follows that a = R. 

That V is irreducible over F is clear, since every vector different from 0 
can be mapped onto any other vector. It remains to be shown that if we 
consider V as R-space only, then the field & consists of all R-homomorphisms. 
Let A be a fixed vector different from 0 and let B be its image under a given 
R-homomorphism of V. If B were linearly independent of A, with respect 
to k, we could find an element o of R such that o(A) = A ando(B) =0. Our 
homomorphism mapped A onto B, so it should map o(A) onto o(B), i.e. A 
onto 0, contrary to assumption. Consequently, A is taken into Ax. If C is 
any other vector, we can find ao such that o(A) =C; then o(Ax) = Cx. 
Our homomorphism takes A into Ax, and therefore takes o(A) into o(Ak); 
hence it takes any vector C into Cx, with the same x. 

Any space over a simple ring with minimal condition is regular. Indeed, 
any vector x is contained in Rx and therefore in I,¢-+ [.7-+---+ Inv, where 
the [; are minimal ideals. But every [;x is either 0 or irreducible. 

If two spaces with minimal condition over a simple ring R with minimal 
condition split into the same number of irreducible components, they are 
isomorphic. The isomorphism consists, indeed, in mapping each irreducible 
component of V onto one of the irreducible components of V’, and then 
extending that mapping to a mapping of V on V’ by addition. If we have a 
slightly more general situation, namely, two rings R and R’, that are iso- 
morphic under the mapping r< 7’, and an R-space V and an R’-space V’, 
which both split into the same number of irreducible components, we can do 
something similar: we first consider V’ as an R-space, by defining the multi- 
plication of V’ by an element r of FR to have the same effect as the multiplication 
by the image 7’ of r in R’. Hence there is a function o mapping V onto V’ in 
such a manner that for any vector v, and any element r of R, we have o(rv) 
=ro(v). The multiplication of v by r is the original one; since o(v) is in V’ 
the multiplication by r means really the multiplication by 7’. We conse- 


quently have 


TuerorEM 5. If Rand R’ are two simple, isomorphic rings which contain 
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minimal ideals, and V and V’ are spaces over R and R’, respectively, splitting 
into the same number of irreducible components, we can find a mapping func- 
tion o(v) of V onto V’, which is a one to one correspondence and satisfies the 
identity o(rv) = 1’a(v) (where 1’ is the image of r under our isomorphism). 


CoroLtuary. Under the same conditions as before, except for the equality 
of the number of irreducible components of the two spaces with minimal con- 
dition, it is possible to map one of the spaces, say V, onto a part of the other, 
by a one to one correspondence o(v) such that the same equation holds. 


Proof. Should V’ have more components than V, we can find a subspace 


of V’ having the same number. 


3. Direct products. We give a definition of direct product of two spaces 
over a quasi-field &. 

If & is a quasi-field and A a right, B a left k-space (such that the unit of 
k acts as unit on A and B), we consider the set of all finite formal sums: 


(1) > AvBy 


with Ave A, Bye B. We allow at first no simplification whatever besides the 
commutative law of addition, and are neither allowed to cancel two terms nor 
to drop a term with a factor 0. Two such sums are added in the obvious way. 
These sums do not form an additive group, because we have neither a zero 
element nor a negative. The associative and commutative laws are obvious. 
Such a sum shall be called a nullform if and only if there is a substitution 


(2) Bi = Bip 


for the B; by some other vectors B’; of B(Bine k) such that we get 0 as 
coefficient of each’ B’; if we formally substitute (2) in (1) and collect all the 


coefficients of B’;—that is, if for all 7: 
(3) > AvBvi = 0. 


The set of all nullforms shall be denoted by Ng. If (1) is a nullform 
such that (2) and (3) hold, we select any linearly independent vectors A’;, 


such that every A; can be expressed by them: 
(4) Aj = > A’ 


Substituting this in (3), we have } A’pepvBvi = 0. Since the A’; are linearly 
independent, we get: 


(5) = 0 


f 
O 
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for all & and i. Multiplying (5) from the right by B’; and taking the sum 


over 1, we see that because of (2): 
(6) = 0. 


But (6) means that-(4) substituted in (1) leads to a coefficient 0 of A’; if 
we collect terms. This shows the symmetry of our definition of nullforms; 
namely, Nz C Ny (where N, stands for the nullforms defined by A-substi- 
tution.) Consequently, N4 = Np, so that we denote this set merely by N. 
Furthermore, we have shown that the question whether or not (1) is a null 
form can be decided by expressing the A; in terms of any set of linearly inde- 
pendent A’;. Since our definition of NV is now known to be symmetric with 
regard to the A’s and B’s, we have: 

Lemma. The decision whether (1) is a nullform can be reached by 
expressing the B; in terms of any set of linearly independent vectors B’;: (1) 
is a nullform if and only if (3) holds. 


It is fairly obvious how to prove that the sum of two nullforms is a null- 


form, and that 3(— Av) By is in N if (1) isin N. But we need also: 
Lemma. If N and 3AvB,e N, then SAvBve N. 


Express both the By and the B, in terms of a set of linearly independent 
B’,. These expressions are uniquely determined: B; = 3BivB’v, B; = SBivB’y. 
Since SAB, e N, we have SAvByi =(. From this and the first of our 
assumptions, we deduce SAvB, e N. 

Finally, we remark that AB + (— A)B is always in N. Indeed, both 
the B-vectors can be expressed by one alone, namely B. The coefficient of this 
B after collecting is A —A = 0. 

If X stands for a sum (1), we agree to let —X stand for }(— Av) B,. 

We now introduce a congruence : 


A (mod N) 


means that X + (—Y)eWN. Reflexiveness and symmetry are fairly obvious. 


We concentrate on transitivity. Let 
X+(—Y)eN; Y+ (—Z)eN. 
Then 
X+(—Z)+Y+(—YV)eN. 
Since Y + (—Y)eWN, we deduce X + (—Z)eWN from the second cf our 


lemmas. 


THE THEORY OF SIMPLE RINGS. 97 


If X=Y (mod NV) and Z=W (mod N), we have ¥+Z2=Y+W 
(mod NV). In the sense of congruence, our forms are now a group with every 
element of NV as zero element and — X as negative of X. The rules 


A(B + B’) =AB+ AB’ (mod I) 
(A + A’)B=AB-+ A’B (mod NV) 
A(«B) = (Aa)B (mod 


show that in the sense of congruence any formal change is allowed with the 
vectors A and B. 

We now substitute — for = and call this abelian group A xB, the 
direct product of the spaces A and B relative to k. 

If A and B are rings as well as k-spaces, and & is a field operating on 


both sides of A and B, we define the product of the elements } avby and 


to be (ava’n) To show that this defines a ring, it suffices 
u 
to show that this multiplication is well defined relative to equality in A X xB. 


To show this, we need only prove that if Savb, is a nullform, then 3(aav) (bbv) 
is a nullform. But if the substitution 6; = SBipb’, makes the first sum 
obviously 0, the substitution (bb;) = 3Bin(bb’,) makes the second obviously 0. 
So A isa ring. Clearly A is isomorphic to B X we shall allow 
the order of the factors of the terms of (1) to be changed and say that 
AX«B=B XA: the direct product is commutative. It is also easy to verify 
that A XK x(BXxC) = (A X cB) X«C: direct product is associative. If A 
and B are of finite degree over k, then the degree of A X xB, over k, is the 
product of the degrees of A and of B, since if a,- - -a, and b,- - bm are 
linearly independent bases for A and for B, the elements a;b; are a linearly 
independent basis for A X xB. 

If B has a unit element 1, the elements alg of A X +B form a subring 
isomorphic to A. Indeed, alg = 0 if and only if a0, since 1, is linearly 
independent. The properties for addition and multiplication are obvious. 
We identify this subring with A itself. Should A have a unit element, we can 
in a similar way ‘identify B with the subring of elements 14}. Since 
(alg) (14b) = ab, we see furthermore that in that sense A X,B is really 
the product of A and B. 

If R is a simple ring, we call any function I(x) of the form Xayara’y, 
where z is a variable in Ff, an analytic linear function. If 1 and ’ are two 
analytic linear functions, their iteration 1(l’(x)) is obviously again analytic. 
The main theorem about analytic linear functions in a simple ring is the 


following : 


n 
‘ 
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THEOREM 6, Jf R is a simple ring with unit element, and centrum k, 
and tf @y,@2,° * * dr are linearly independent with respect to k, we can find 
an analytic linear function mapping these elements on arbitrarily chosen 


elements b,,b2,- by. 


Proof. It obviously suffices to prove the theorem in case one of the ); 
is 1 and the others 0. If r—1, the possible values /(a,) form the two sided 
ideal Ra,R, which is FP because F is simple: this proves our theorem for r= 1. 
Let it be true for 7 —1 and assume that we have found, for each 1—1- 

r — 1, an analytic linear function /;(z) that maps a; into 1 and all the others 
(except possibly a,) into 0. We try to find an /(z) which maps a, into 1 and 
all the other a; into 0. This is easily done as soon as any /;(a,) is an element 
outside the centrum k; indeed, if c is not commutative with 1;(a,), the linear 
function A(x) = 1;(x)c —cli(x) will map a,, into 0 and a, into 
a non-zero element b. If w(x) is a linear function mapping 6b into 1, we can 


take »(A(x)) as our desired function /(z). 


We therefore assume that for i=—1---r—1. We now 
put A(z) = a,l, (x) + — az. Obviously A(a;) = 0 
for i—1,---,r—1. A(a-) cannot be for else 0 + 


+ d,_\xr-. —4,, contradicting the linear independence of the a; with respect 
tok. If »(x) maps A(a,) into 1, the function /(z) = »(A(z)) is the solution. 


THEOREM 7. If A isa simple ring with unit element and centrum k, and 
B is any ring with unit element, containing k in its centrum, then every two 


sided ideal of A X y-B is of the form A X xb, where b is a two sided ideal of B. 


Proof. Let % be any ideal of A X ;B, and 6 the intersection of % with 
B. It is clear that A xb is part of YM. Let, conversely, = Sayby be an 
element of 2%. We can assume that all the ay are linearly independent with 
respect to k, since we could otherwise simplify the expression for €. If 1; (x) 
is an analytic linear function with coefficients in A, mapping a; onto 1 and 
all other a’s onto 0, we find that /;(€) = 0;. Since 1,(€) belongs, with é, to 
the two sided ideal M, every 6; belongs to b, and hence Y= A X xb. 


Corotuary. If A and B are simple, with unit element, and the centrum 


k of A is contained in the centrum of B, then AX xB 1s simple. 
With the help of the preceding theorem we can, in many cases, determine 


the intertwining relations of two subrings A and B of a bigger ring R. 


TueoreM 8. Let A and B be two subrings of any ring R, with the 


following properties: 
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A and B both have the same unit element (which need not be unit element 
for R). ; 
A is simple, and its centrum k is included in the centrum of B. 


Every element of B,is commutatiwe with every element of A. 
Then the subring A- B of R has the structure A X «B. This means that there 
are no intertwining relations between A and B other than the most trivial ones. 


Proof. We construct two new rings A and B, isomorphic to A and B, 
and having only the image k of k as common elements. We form the product 
A X ZB and contend that the following mapping onto A - B is an isomorphism: 
let Sdvby correspond to Savb). We have first to prove that the mapping is 
uniquely determined, but if a,b, = 0, there is a transformation in the D; 
that makes this obvious. The corresponding transformation in Xayby will 
show that this element is also 0, because the computation involves only the 
distributive and associative laws. That the mapping is a homomorphism under 
addition and multiplication is also obvious, It remains to be seen that it is a 
one to one correspondence. The set % of all elements of A 7B that are 
mapped onto 0 forms a two sided ideal. According to our theorem, this ideal 
has the structure A X xb, where 6 consists of those elements 6 of B which are 
mapped onto 0. Consequently 6 = 0, and therefore %& = 0. 

This allows us to determine the structure of the set of all analytic linear 
functions of 2, from another point of view. These functions form themselves 
a ring (with iteration used as multiplication). This ring, Z, contains two 
subrings: First, the functions Ja(a) az. The set of all these functions is 
clearly isomorphic to R as soon as FR contains a unit element, and we can, 
without misunderstanding, identify this subring with R itself. Second, the 
functions /,*(2) — za. The set of all these functions is not isomorphic to R, 
because 


But the mapping of FR onto the J,* is an anti-isomorphism, interchanging the 
order in a product. This new ring will be called R*; its structure is of course 
known if the structure of R is known. If R is simple, with unit element, R* 
has the same properties. J, and J,* are commutative, since [ql)*(x)) = azb 
= 1)*(Ia(x)). If, finally, x is in the centrum of R, =Ik*(x). This 
shows that the two rings satisfy all conditions of the preceding theorem, and 
therefore R X ;.F* is contained in Z. Since, on the other hand, every element 
of L can be obtained from the special functions R and R* by iteration and 
addition, we have L = R X;R*. This shows that L is again simple. 
As for the minimal condition in direct products, we prove: 
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THEOREM 9. If A and B have unit elements included in the field k, the 
minimal condition in a ring A X «B is satisfied if tt is true for A and B ts of 


finite degree over k. 


Proof. The minimal condition means that A X ~B, considered as left 
space over A X xB, satisfies the minimal condition for subspaces. Now each 
A X xB-space is certainly an A-space. If, therefore, we prove the minimal 
condition for A X xB, considered as A-space, then our theorem follows, Let 
W 1, * * Wn be a basis of B with respect tok. Then A KX Aw,+ Aw, 
+-:+-++Aw,. Each of the spaces Aw; is isomorphic to A, so the minimal 
condition for A X xB follows by use of Theorem 1. 

Coming back to the linear functions L = R & ,k* of a simple ring with 


centrum k, we can prove: 


THEOREM 10. The minimal condition for left ideals of L is satisfied if 
and only if R 1s of finite degree over k. 


It suffices to prove the second half. Let, therefore, R not be of finite 
degree over k, and w,, We, W3,° * - an infinite sequence of linearly independent 
elements (with respect to k). 

Let [; stand for the set of all analytic linear functions /;(z) that map 
onto 0. Clearly I; and differs from it, because [; contains 
a linear function that maps w,,- - -w; onto 0 and w;,, onto 1. Since these 
are left ideals, we have proved the theorem. 

If R is of finite dimension over k, the structure of I is completely deter- 


mined by Theorem 6: 


THEOREM 11. If R is simple, and of finite degree over its centrum k, 
then L = R X xh* consists of all linear transformations of the space R, with 
respect to k. 

Proof. Since every analytic linear transformation satisfies the conditions 
l(a + y) =I(x) + 1(y) and = x«l(zxr), for every element x of the cen- 
trum, L is part of the set of all linear transformations. If, on the other hand, 


W;,W2,* * ‘Wn are a linearly independent basis for B, with respect to k, we 
can find a function /(x), mapping w,, w2,° - - Wn on arbitrarily selected images. 


But any linear trensformation with respect to k is uniquely determined by the 
images of the w,. 


Another way to state the previous theorem is this: 


If R is simple and of finite degree n over k, the ring R X,R* is iso- 
morphic to the ring of all matrices of degree n over k. 


f 
| 
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4. Commutators of subrings. If RF is a ring with minimal condition, 
and we want to study a subring of L that also satisfies the minimal condition, 
it seems natural to restrict one of the two factors of L = R X ,R*, by replacing 
it by a simple subring A of finite dimension over &. Such a ring A is called 
a simple algebra. We shall therefore study the subring S=RX,A*. It 
again satisfies the minimal condition, and consists of the linear functions 


(1) I(x) = 


with rye R and aye A. We might now consider F# as a left S-space, in the 
sense that / is applied onto z, as left operator, by computing /(z). 

Since S contains the linear functions denoted by R, every S-space is also 
a left R-space ; since PR satisfies the minimal condition over R, the same is true 
when £ is considered as space over 8S. Assume now that we have in RF a second 
algebra A’, isomorphic to A, under an isomorphism a< a’ that leaves every 
element of & fixed. The set S’ = R X ,A’* is then isomorphic to S under an 
isomorphism that maps the function (1) onto l’(2) = 3rvca’y. We remark 
that the special function /(2) = a is mapped onto the function za’. Let us 
now make use of the corollary to Theorem 5. FR appears as space to the two 
isomorphic rings S and 8’, and we may therefore assume that a function o(z) 
can be found, which maps, by a one to one correspondence, R onto some part 
of itself, and satisfies, for every 1 e S, the equation 


(2) =U (o(z)). 


We first specialize to 1(x) == rz and get o(rz) =ro(z). Putting —1, and 
writing c for (1), we have o(r) rc. Since r can be any element of R, we 
have o(x) = «xc. This mapping is a one to one correspondence between R 
and the images, so that 2c = 0 implies 0. being no right divisor of 0, 
it has an inverse.* Specializing now in (2) to /(x) =a, we get rac = ca’. 
Putting z = 1, we find: 

a’ == 


This gives us the following: 


THEOREM 12. Let R bea simple ring with minimal condition and A and 
A’ two simple subalgebras of R containing the centrum k of R. Any tsomor- 
phism of A to A’, that leaves every element of the centrum k fixed, can be 
extended to an inner automorphism of R. 


‘The left ideals Rev form a descending chain; hence, for some n, Ren+1 = Ren, In 
the set on the right we have cn and therefore, for some x, xcen+1 = en; since c is no 
divisor of zero, rc = 1. 


E 
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Corottary. If R is an algebra, every automorphism of R that leaves the 
centrum fixed is inner. 


Proof. Select A = A’ = R. 


In order to study the way in which a simple subring is embedded in a 
larger ring, we need to define the degree of a ring, not only over a subfield, 
but over a simple subring. To do this, we commence with the: 


Lemma. Let S be a simple subring, with minimal condition, of any ring 
R, and let R and S have the same unit element. If 1, and {, are two minimal 
ideals of S, then any isomorphism of [, onto |., considered as S-spaces, can be 
extended to an isomorphism of RI, to Ri., considered as R-spaces. 


Proof. If e, and e, are idempotents of [, and [,, let cz be the image of e, 
under the mapping of I, onto I... Then « = ze, of [, is mapped onto zc, of 
!,. If we multiply, therefore, the set Re, = RSe, = Rl, from the right by c., 
this mapping is an R-homomorphism and an extension of our mapping of I, 
onto I,. The set of images is Rc. = RSc, = Rip. 

Let now c, be the image of e, under the inverse of our isomorphism, so 
that xel, is hereby mapped onto zc,. Then c.c,;—e,. If now ze,c. 0, 
we would have ze,c.c; = xe; = 0. Our mapping is therefore an isomorphism. 

Now let S=[,+1.+--+-++1, be a splitting in minimal left ideals 
and 1 = Se, be the corresponding splitting in orthogonal idempotents. We 
easily deduce R = Re, + Re.+----+ Re,. This is a direct sum, since 2,¢, 
+ = 0 shows after right multiplication by e; that re; = 0. 
We now consider F as a left S-space. Each of the components Re; is then also 
a left S-space, and they are isomorphic, since they are even isomorphic if 
considered as R-spaces. Therefore we can break each of them into an equal 
number of irreducible S-spaces. This will lead, after regrouping, to a splitting 
of FR into a finite or infinite sum of left S-spaces, each of which is a direct 
sum of precisely r components, and is thus isomorphic to S itself. An S-sub- 
space of F& that is isomorphic to S has the following structure: let w be the 
image of 1 if we map S onto the subspace. «z of S is then mapped onto zw 
of the subspace, and since the mapping is an isomorphism, zw = 0 with z in 
S implies 0. Doing this with each of our spaces, we see that there exist 
elements w;, such that R= Sw,;. Any finite number of w; is linearly inde- 
pendent with respect to S, in the sense that a linear combination of them, with 
coefficients in S, is 0 if and only if all coefficients (not merely all terms) of 
the sum are 0. The number of irreducible S-components of the S-space RF is r 
times as large as the number of w;; therefore the number of w, is invariant; 
we shall call it the left degree of R over § and shall denote it by (R: 8). Now 
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in precisely the same way as in case of fields, we can prove that (R: 81) 
= (R: 8)(S:8,), if 8; is a simple subring of 8. 

If R is a ring and S a subset of R, we denote by RS the set of all elements 
of R which are commutative with every element of S. If S is still a subset 
of R, and T another ring with unit element, we have (R X x7')S = RS X ,T. 
For the right side is certainly contained in the left. Let Srvtv be any ele- 
ment of the left side, with linearly independent ty. If s is any element of 8S, 
then 3(sry—rvs)tyv = 0. Since the ¢, are linearly independent, we see that 
every ry is in RS, Similarly, if SC R and UCT, and S and T are rings 
containing k, (RX = RS & R® is of course the centrum of R. 

Now let R be a ring and T be an algebra, both with centrum k. Then 
(RX «T)?X*? =k X xk =k, so that & is also the centrum of RX xT. 
Assume now that F and T are simple rings with minimal condition, that each 
contains a simple algebra containing &, and that these two algebras are iso- 
morphic under a correspondence leaving the elements of k invariant. We shall 
denote both these algebras, though different, by the same letter A, since it will 
be clear from the formulas which is meant. The simple ring with minimal 
condition R X 7’ now contains the algebra A in two ways; consequently there 
is an inner automorphism of R X x7 that will map one onto the other. Com- 
puting (R XxT)4 for both algebras A, we get the two sets R4 XT and 
RX .«T4. These are, therefore, isomorphic under the same inner automor- 


phism. Computing further 
(RX and (RX A) 


we get the two sets R(4) and 77“), which are therefore isomorphic under the 
same isomorphism. 

Should we be able to prove that R4 is simple, we could compute the degree 
of over R4X,7'; since an inner automorphism of RX maps 
RA ,T onto R ;,T4, the degree of R xT over R4A X%T should be the 
same as the degree of R X xT over R X xT4. The reader can easily deduce the 
equality (R: R4) = (T:T4). The proof for the simplicity will be given soon. 

If we only know that our algebra A is contained in R, we have to con- 
struct a 7. Assume that the degree (A:k) is n. Consider A as a k-space, 
and denote by the set of all linear transformations of A over /; that is, the 
algebra of n X n matrices over k. The degree (M:k) will be n*. M contains 
a subalgebra isomorphic to A, namely the set of all linear transformations of A 
that are obtained by multiplying A from the left by an element of A. Calling 
this ring of linear transformations also A, we now ask for M4, i.e. for the 
linear transformations o that satisfy the condition o(az) —ao(zx), for all a 


| 
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and zin A. Putting  —1, denoting o(1) by c, and writing z instead of a, 
we see: o(z) — zc. It follows easily that the set of these linear transforma- 
tions is isomorphic to A*, so that we have J/4=— A*. (We did not assume 
that the centrum of A is k; the centrum might be larger, so that M would 
possibly not be equal to A X ,A*.) 

Substituting M for T in our previous result, we can prove: 


THEOREM 13. If R is simple with minimal condition, and A is a simple 
subalgebra of R containing the centrum k of R, and if also (A: k) =n and 
M is the set of all linear transformations of A over k, we have: 


1) and R X are isomorphic under an inner automorphism 
of RX 

2) RA is simple. 

3) RRA) — A, 

4) (R: B4) —n. 

Proof. The first statement is clear. Since A* is simple, R XK ;,A* is 
simple. This proves that R4 x ,M, and consequently R4, is simple. As for 
the third statement, R(®4) is mapped by our inner automorphism onto 
M4) — M4", which is the A contained in M. Since we know that our iso- 
morphism maps precisely the A of R onto the A of M, we get our statement. 
The fourth statement follows from the fact that (M:A*) =n. (For (R: R4) 
= (R RA = RX = (M: A*)). This follows 
in turn from (M:k) =n? and (A*:k) =n. 

There is one very general theorem concerning simple subalgebras of rings, 
that holds for any ring R whose centrum contains the centrum k of A and 
whose unit element is contained in k. The proof of this theorem depends on 


the following: 


Lemma. Assume that an analytic linear function I(x) = Savra’y, with 
coefficients in A, is 0 for allxe A. Then I(x) is 0 forall re R. 


Proof. Since we can express the a’y by linearly independent elements of A 
and collect terms, we can from the beginning assume that the a’y are linearly 
independent. The necessary operation for collecting is the interchange of 2 
with an element of the centrum & of A; this can be done, according to our 
assumption, for all re R. 

We contend that now all the ay are 0. To show this, we consider /(z) 
for values of A only. The linear functions of A form a ring isomorphic to 
A X ,%A*, and under this isomorphism our linear function will correspond to 


he 
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Sava’*,. Since =0 for all A, we have Sa,a’*, = 0, and the linear 
independence of the a shows that all the a are 0. But this means that 
I(x) = 0 for every z in R. 

Our first aim is to compute R4; we contend that this can be done in the 


following way: 


THeoreM 14. Let I(x) be any analytic linear function with coefficients 
in A which is not identically zero and which maps every element of A onto an 
element of k. The values I(x), for all x in R, will then range precisely 


over RA, 


Proof. If ais any element of A, 1(2)a—al(z) is a linear function with 
coefficients in A that is 0 for every xe A. According to our lemma, it is 0 
for every x in R. Since a is arbitrary, this proves that I(x) e RA. 

To prove that we get every element of R4, take any element a such that 
l(a) =x +0. Since we can replace a by x-*a, we can assume that = 1. 
If z is any element of R4, we get 1(za) = 2l(a) =z, because we can inter- 


change z with every coefficient. 


THEOREM 15. Under the same assumptions as before, we have 
R= RA X,A. 


Proof. Let *dn be a k-basis for A. Let be the analytic 
linear function with coefficients in A that takes a; into 1 and all the other a’s 
into 0. The linear function = a,l,(x) + + anln(x) 
is 0 for x = a,, d2,* * ‘dn, and therefore for every z in A. This proves that 
for every z in R we have —a,l,(x) + aol.(x) +: +--+ anln(xz). Since the 
values of /;(x) range through R4, we see that R—=A-RA4, That the dot can 
be replaced by the cross follows from Theorem 8. 


Corotuary. If A is a simple algebra with unit element e and centrum k, 
contained in a ring R (for which we make no assumption), then eR* 


=A 


Proof. Consider first the ring (eRe)*. Obviously the centrum of this 
ring contains k. e is unit element for this ring, and the previous lemma can 
be applied. But ((eRe)*)4 = (eRe)4 = eRA, 


THEOREM 16. Let R be simple with chain condition, and let k be its 
centrum and T a subring containing k. Thenif R=w,T + wT +: + + waT, 
RT is an algebra A, and (A:k) Sn. 
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Furthermore, these two statements are equivalent: 


1) T is the commutator of a simple subalgebra of R. 
2) T ts simple, (R:T) ts finite, and all homomorphisms of R into itself, 
considering R as right T-space, are analytic. 


Proof. Let T be any subring of R such that R—=w,T+w.T+:: - 
+ wT. Consider the set S of all homomorphisms of R, considered as right 
T-space. This ring S contains as subring the analytic transformations among 
them. Let o(x) =Xrar’,, and assume the ry linearly independent with 
respect to k. Since, for every te —o(x)t = 0, we get the equations 
tr’y — = 0, so that all 7’, belong to This subring is therefore 
to be denoted by R X;A*. It contains as further subring the left multipli- 
cations of x by elements of #, and this ring of transformations we have always 
denoted by R. Since the degree (A: = (R X,A*:#), our inequality will 
be proved if we estimate the degree (S:R). Every homomorphism o(2) of 
S will map w,, Wn onto certain elements of R. If these 
elements are known and = w,t, + wot, wnatn, then its image will be 
Gxt, + +--+ ++ Gntn. Let us denote by the n-dimensional vector 


(@;,42,* * *dn). We are interested in the behavior of S, considered as left 
R-space, where R means here the transformations p(x) =rz. Iterating our 
previous o with that transformation would lead to This 


shows that S is isomorphic to a certain part of the set of all n-dimensional 
vectors over 2. The statement concerning the degrees can also be interpreted 
as a statement about the number of irreducible components: the degree has 
only to be multiplied by the number of irreducible components R has. This 
makes it clear that (S:R) =n. (From previous work, we know that this 
degree exists). Hence (A:%) =n. It is furthermore clear that (S:R) =n 
if and only if S fills out the whole of our space of n-vectors. This means that 
there are linear transformations mapping the w; onto arbitrary images. But 
then the w; have to be linearly independent, because wt, + w.te+-: - 
+ wytn =0 would yield ¢; = 0 if we applied the homomorphism mapping w,; 
onto 1 and the others onto 0. If, conversely, the w; are linearly independent, 
and we map wW,t, + +++ wWntn onto + +++ ++ Antn, this 
clearly gives an element of S. 

If A is a simple subalgebra of R and 7 is taken as R4, we may apply 
Theorem 13. Hence the w; can be taken as linearly independent and 
n= (R:R4) = (A:k) =(S8:R). Since (R KxA*: R) =n and RX xA* 
CS, we get R X ,A* =S, which means that all our homomorphisms are 


analytic. 
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Conversely, if 7 is simple, we can take the w’s linearly independent. If 
we assume that all our homomorphisms are analytic, so that S=R X xA*, 
we get first n= (R X4A*:R) =(A:k). We next get that § is simple, 
because it consists of all homomorphisms of the n-dimensional T-space R, and 
is therefore isomorphic to the set of all n X n matrices with elements in T, 
or T X «My. So RX ,A* is simple, which implies that A is simple. Since 
RA must be of degree n under R, and certainly contains 7’, we find that 
T = RA, which finishes the proof. 


CoroLtuary. Jf A is a simple subalgebra of R containing the centrum k 
of R, (R simple with minimal condition) and a(x) is a homomorphism of R 
satisfying the equations o(at) =a(x)t and o(txr) =to(x), for all elements 
t of T = RA, then any expression of o(x) with linearly independent coefficients 
has the form Sayxa’y, where the ay as well as the a’, are in A. 


This is proved by the method used in the first part of the proof of the 


preceding theorem. 


THEOREM 17. Under the same assumptions as in the preceding corollary, 
every automorphism of R that leaves every element of T = RA fixed consists 
of a transformation by an element of A. 


Proof. Since o(rt) =o(xr)o(t) =o(x)t and o(tx) = to(z), our corol- 
lary gives o(2) == Savra’y. We can assume that the ay and the a’, are linearly 
independent with respect to k. Let 1(x) = Xdyrb’» be an analytic linear 
function of A which takes a, into 1 and the other a; into 0. Compute 
On the one hand, it is }o(x), and therefore is of 


the form ao(z). On the other hand, it is dyavb’pra’y = (av) = 


v 
Here a’, is not 0 because it is one of a set of linearly independent elements. 
We therefore get ao(z) = 2a’,. Let A(x) = cvac’y be such that A(a’,;) 1. 
Compute } ac(xcy)c’y. On one hand, it has the form ac(x)b; on the other 


hand, it is = 2x. Hence ao(r)b =x. Putting 1, we see that 
baz, and hence o(2) =a“za. That a belongs to A follows from the 
corollary. 
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ON WEAKLY COMPACT SUBSETS OF A BANACH SPACE.* 


R. S. PHILLIPS. 


In the last few years use of the Banach space weak topology has proven 
exceedingly fruitful in the hands of Bourbaki (4), Smulian (24), Kakutani 
(14), Ghantmacher and Smulian (9), Sirvint (23), Dunford and Pettis (8), 
and others. These investigations have been concerned either with sequentially 
compact subsets or with bicompact subsets. In this paper an attempt has been 
made to bridge the gap between these two extremes by considering 8a-compact 
subsets where Nz is any cardinal number. 

One could define a subset to be 8.-compact if every covering of power 
=, of the set’s weak closure contained a finite subcovering. Bourgin has 
done this, treating the problem from a topological point of view (5). We have 
preferred an analysis approach, which, we believe, permits a much more direct 
and essentially simpler development. 


A subset G of a Banach space X will be said to be Na-compact if for every 
subset [ax | re directed set of power = Na]* of G there exists an x €X such 
that 

lim S Slim 
for all < belonging to the adjoint space X. The notion of limit is defined in 
the Moore-Smith sense (18). We do not insist that the limit inferior or limit 
superior be finite. If lim Z(xz) exists for all eX, it is clear that £(2)) 


=limZ(zr). <A subset G will be called S,-complete if for every subset 
[@e bic directed set of power = N,]| of G for which lim (az) exists for all 
‘Ge X, there exists an x, such that = lim for all @eX. Such an 
Z is necessarily unique. If, then, @ is neemagel, it is likewise Na-complete. 
The converse is not true. An S-compact subset G will be defined as a set which 


is Na-compact for all Na. 

Many of our results are simply generalizations of known theorems for 
sequentially weak compact sets. For purposes of completeness we have given 
new proofs for some of these theorems. We have tried to free ourselves from the 


* Received August 29, 1941. 
* The class of elements s satisfying the property P will be designated by [s | P]. 
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analogues of the usual separability condition which has often accompanied the 
discussion of sequentially weak compact sets. This we have been able to do in 
the statement of our results, but unfortunately not always in our method of 
proof. 

In Section 1 we have compared Nq-compactness with related compactness 
notions. We find, for instance, that for weakly closed sets coverings of power 
<= Nz have finite subcoverings if and only if the sets are N-compact, while for 
convex sets Na-compactness is equivalent to transfinite closedness of order Na. 
If the unit sphere of XY is Na-compact, then the unit sphere of X is also 
N,-compact. If in addition there exists a set of power =, total on X, 
then X is reflexive. 

Section 2 deals with the obvious generalization of the weakly completely 
continuous transformations, namely, N,-compact transformations. If U is 
S.-compact, then the adjoint transformation U is likewise S.-compact. If a 
sequence of Na-compact transformations converges in norm to a transformation 
U, then, U is found to be &, -compact. 

By the principal theorem of Section 8, the closure of the set 
| | ae | = 1] is S.-compact if and only if is Na-compact. Hence 
the closed convex extension of an N.-compact set is Na-compact. An application 
of this theorem gives us a criterion for Na-compact sets. 

Section 4 is concerned with determining conditions on the geometry of X 
under which N,-compactness implies S-compactness. For example, all 8o-com- 
pact subsets of a strictly convex-space are S-compact, and all S.-compact subsets 
of a space for which there exists a total set of power = N, are 8-compact. We 
have as yet not been able to find an example of an No-compact set which is 


not 8-compact. 

An application of our results is given in the final section of the paper. 
Here we prove that if z(r) is a completely additive, absolutely continuous set 
function of bounded variation such that [(x(r)/| 7 |) | (|| e(r)||/| Sn] 
is No-compact for all n, then there exists a measurable function z(¢) such that 


x(r) -{. a(t)dz. This leads to a general form of the weakly completely 


continuous transformation on & to an arbitrary Banach space and to the 
conclusion that this transformation is necessarily separable. 

It will be convenient to make the following notational conventions: The 
weak topology w(X) of X as elements has the generic neighborhood U (2) 
=([zr|| i—1,2,- -+,n] where the are arbitrary elements 
of ¥. The weak topology #(X) of X as functionals has the generic neighhor- 
hood Ui(%.) = [#||(@—%)ai | t—1,2,:-+,n] where the 2 are 
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arbitrary elements of XY. X is a regular Hausdorf space in the w(X) topology ; 
while X is a bicompact Hausdorf space in the w(X) topology. If G is a subset 
of X, then G,; will designate the smallest linear extension of G; Go will be the 
norm closure of G; and cv(G) will be the convex extension of G. Mr will be 
the Banach space of bounded functions a(t) on an abstract class T = [t] to 
real numbers having the norm || a || =1l.u.b. [| a(¢)| Ur will be the 
Banach space of functions a(¢) on an abstract class T = [t] to real numbers 
for which || a || —2 | a(t)| exists. If f(t) is a function, then f(-) will 


designate the function considered as an element of some class of functions. 
Finally, X¢ =[2#| axe X, || «|| <c] so that X, is the unit sphere. 


1. Related compactness definitions. Before attempting a systematic 
study of the properties of Sa-compact sets, we shall illustrate the usefulness of 
this notion by giving a criterion for reflexive Banach spaces. A Banach space 
is called reflerive if for every &¢X, there exists an weX such that £(2) 


= for all eX. 


1.1. THEOREM. A necessary and sufficient condition that X be reflexive is 
that X, be S,-compact and that X contain a subset of power S &q total on X. 


Given Ze X¥ and I, an arbitrary subset of ¥ of power S Na, we first show 
that there exists an such that = for all The set of 
all finite subsets + of T is a directed set (= means set inclusion) of power 
By Helly’s theorem (13), there exists an-rz XY such that = (zr) 
for each and || || || Z|| +1. As X, (and hence Xn) is 8.-compact, 


there exists an zp, X satisfying the condition 


lim #(ar) S S lim 
for all Now lim = for all Therefore == ) 
for all 
Let us now apply this first to the case where [ is a set of power = & 
total on XY, and then to I’ LU where is an arbitrary element of &. 
Then = Z(%) = forall AsT is total, Thus 
z(z) = #(x,,) for all Z belonging to IY and hence, since Z is arbitrary, for 
all eX. In other words, X is reflexive. 
The necessity is quite evident. For, given any set [vz] C X, where [7] 
is a directed set, an argument similar to that used by Banach (1, p. 118) 
demonstrates the existence of an #¢X such that 


lim (x) S Slim 


T 


T 
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for alle X. As X is reflexive we can replace Z by an element of X. As this 
holds for all sets [7], it holds in particular for all sets of power less than or 
equal to the power of any subset of X total on XY. 


1.2 Definition. A set GC X is said to be Na-compact* if for any family 
of subsets [A; | t« 7] of G such that 1). Az is closed in the w(X) topology; 
2). the power of 7 = N,; 3). any finite subset has a non-vacuous intersection ; 
hen At is non-vacuous. 

D. G. Bourgin (5) has shown that if XY, is $.-compact* and if X contains 
a subset of power = &, which is ~(X) dense, then X is reflexive. In Theorem 
1.9 we show that X, is Na-compact if and only if it is 8.-compact*. Further 
if TC X is total on X then the set of all finite linear combinations with 
rational coefficients, which is of the same power, is #(X) dense in X (see 
Lemma 2.4). Hence the two theorems are equivalent. 

In the statement of Theorem 1.1, the hypothesis that X be Sa-compact 
can not be replaced by N.-completeness in the w(X) topology. This breaks 
down for the space 1 which is So-complete in the w(1) topology and for which 
any dense subset of the separable space Cp is total. 

For purposes of orientation, we shall next compare Na-compactness with 
related compactness notions. In this it will be convenient to have the following 
lemmas. 

1.3 Lemma. Jf G is Sa-compact, then given me directed set of 
power = Na] C G, there exists an x belonging to the closed convex extension 
of G such that 


lim S Slim 
T 
for every ie X. 


If z did not belong to the closed convex extension of G, there would exist 
an Z and a constant ¢ such that %(a2) >c while (xv) Sc for all reG 
(8, p. 331). This clearly contradicts the inequalities satisfied by 2p. 


1.4 Lemma. If is Na-compact, [ax | re directed set of power Na] 
C G, and if lim &(ax) exists for a set TCX total on Gro, then re converges 
T 


weakly to a unique element of X. 


As G is 8.-compact, there exists by Lemma 1. 3 an 2 € Gre such that 


lim &(ae) S Slim 


for all Suppose that for a given Z¢X, lim Then 
T 


T 


112 R. S. PHILLIPS. 


there exists an « > 0 and a subset [x’] of [+] cofinal with [+] such that 


lim = + € (or lim = —e). As before there exists 
an 2’) Gre such that 


lim S #(2’)) Slim 

for allieX. Now = for all ef. Therefore 2) = 2’o, contrary 

to = ) +6. Hence lim #(rr) = for all Ze X. is clearly 
T 


unique. 


1.5 Definition. G is said to be Na-closed if, given any subset [zy] where 
[»] is a well-ordered set of power Na, there is an 2) X such that 


lim S S lim 
for all X. 
1.6 THEOREM. The following are equivalent: 


1). G is No-compact, 
2). Gis sequentially compact in the w(X) topology, 
3). G ts &-closed. 


Let {zn} be a subset of G. Then XY) = {zn}re is separable. We can 
therefore choose a denumerable set of functionals on Xo, dense in the w(X,) 
topology (1, pp. 185-186). These functionals can be extended to be func- 
tionals on X (1, p. 55). The set of extended functionals, I, will clearly be 
total on X,. Using the diagonal process, we can obtain a subsequence {Zn} 
for which lim Z(z,,) exists for all As Gf) Xo is again No-compact 
(Lemma 1.3) we can apply Lemma 1.4. Thus {zy} converges weakly to an 
element of XY. Hence 1) implies 2). 2) clearly implies 3). To prove that 
3) implies 1), suppose we are given a denumerable subset {zz} of G. Let us 
order the (2;,72,° -) and choose => (2, *,2n). The set (x*) 
is clearly cofinal with (x). By hypothesis there exists an z,¢«X such that 
lim =Z(2Z%) = lim for all eX. It follows that 


n 


lim = Z(2z%) = lim (zr) 


for all Ze X. 


1.7% If G is 8.-compact, then G is bounded. 


1.8 Lema. Given a directed set 1 = [x], let Sa, for each ae A, bea 
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bicompact metric space containing the set [dar |e]. Then there exists a 
directed set 3 = [co] and a function wo on & to II for which 


1. lim dar, exists in Sq. 
Co 


2. Given mo, there exists a ao such that ro = mp for all c= ao. 
3. The power of & is less than or equal to the power of A + IL. 


Let P4 be the product space of the spaces Sg where the generic point is 
p = [p(@) «Sa] and the generic neighborhood is U (po) =[p | p[po(%), 
<e« i=1,2,:--,k]. Cech (6, p. 830) has shown that this is a bicompact 
Hausdorff space. Define pr=[dar|aeA]e Ps. Let Fr, =[pr| 
Since II is a directed set, all finite sets of F’x’s have a non-vacuous intersection. 
Therefore there exists a pe () Fx. We define & to consist of all combinations 
+, where re and ae A. o, = will mean that the in 
are a subset of those in o; and 7; = 7». We define the function ze as follows: 
If o=[m,%,°° *,%], then as pe Fx, there will be a pr,eFx, such that 
pLPr, (ai), p(ai) | C1/k, 1 = 1,2,---,k, mam. Define Clearly 
lim pro = p. Conditions 2) and 3) are likewise satisfied. 


1.9 THEOREM. A set G, closed in the w(X) topology is Sa-compact if and 
only tf it is Sa-compact*, 


Suppose first that is Na-compact and that [Ar |teT] is a family of 
w(X) closed subsets of G such that any finite set has a non-vacuous inter- 
section and 7 is of power = Ng. Let [x] be a directed family of finite subsets 
of T. The power of [7] is then less than or equal to Ny. Choose az ¢ () At. Let 


ter 
H be the set of all finite linear combinations of the zz with rational coefficients 


and let XY) = Ho = [trl]xc. Clearly H is of power = Ny. For every ve H, 
choose an &¢ X such that @(x) = || «||/2 and || || 1. Then the set T of 
#’s so chosen will be total on Xo and of power = Ng. Applying Lemma 1. 8 
to the set of numbers [Z(xr)| eT, re [w]] we obtain a directed set [o] of 
power =, for which lim @(ar,) exists for all eT. By Lemma 1. 4, there 


exists an a) ¢X such that lim (arg) = (a) for all eX. Now by Lemma 


1.8, given a = to, there exists a o) such that to = mp for all o =o». In other 
words, tr,g¢€ Ar, for all ooo. As At is w(X) closed, x belongs to Az, 
i,@., At. 


teT 
To prove the converse, suppose G to be Sa-compact*. Let [az] C G@ where 


is a directed family of power Define =m] and 
Ay=w(X) closure of Fs. As [7] is a directed set, any finite set of Fx’s (and 


8 
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hence Ar’s) have a non-vacuous intersection. There will therefore exist an 
Ax. Finally given and « > 0 there exists an are Fx, for which 
| As tee Fx, implies mo, we have 
T 

for all 

1.10 THEOREM. A convex set G is Na-compact tf and only if it is 
8,-closed. 


As any well-ordered set is a directed set, it is clear that 8.-compact implies 
N.-closed. Suppose that G is convex and Na-closed. By the remark following 
Theorem 3.4, the norm closure of G@ is likewise Na-closed. For convex sets the 
norm closure and the w(X) closure are identical (15). We may therefore 
suppose that @ is a convex w(X) closed set. Let [ax | we directed set of power 
=8.] C G and define Fx, to be the convex extension of [ar |=]. Let 
Az be the w(X) closure of Fx. It is clear that all finite sets of Ax’s have a 
non-vacuous intersection. Assume that this is true for all cardinals less than 
8, = 8. Then given any set of Ax’s of power Ny, we well-order this set with 
ordinals » less that the first ordinal O, having S» predecessors. For each 
A < Ov, choose an 7, ef) Ap. As G is 8,-closed there exists an 2 for which 

B<A 
lim S #(2)) Slim 
for all eX. If x were not an element of Azx,, then we could find an eX 
and a constant ¢ such that #(Asz,) Sc and Z(%) >c (8, p. 331). Thus 
(ay) Sc for all »=A, contrary to the above inequalities. This establishes 
the induction. Hence let z belong to () Ar. Then for a given e, Z, wo there 


exist 71,72,° 7m such that | —z)| < where c; = 0 and 


> c;=1. For one of these m,’s, (ar) = Z(x) + while for another 


= Hence 
lim S Slim 
1.11 Definition. A space X is said to satisfy the Helly property of order 
if whenever 


n n 
= i= 


where the a; are arbitrary real numbers, then the system a(x) = Ca consisting 
of at most §, equations has a solution ze Xy. 
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1.12 Lemma. If X, is Na-compact, then X satisfies the Helly property 
of order 


Let us suppose the conditions stated in Definition 1.11 are satisfied by 

the functionals [%,] and the numbers [ca]. Let 7 be a finite subset (a, %, 

‘+ ,a,) of [a]. Then [x] is a directed set (< means set inclusion) of power 
=N.. By Helly’s theorem (14), we can find for each 7 an za such that 
== for every rand || M-+1/k. As is Na-closed there 
exists an 2, such that 
lim S Slim 
T 


for each Since exists, we have Finally 


| | Slim | &(ar)| SM || implies || || M. 


1.13 Lemma. /f X satisfies the Helly property of order Sq, then X, is 
N.-compact. 


Let [x | xe directed set of power S &,] be bounded in the norm by one. 
By an argument similar to that used by Banach (1, p. 118) we can obtain an 
for which 
lim %(x) Slim 


for alle X. Now if then 


where ig ¢[@x] or Z, = %. Hence the Helly property of order Na implies the 


existence of an 2 for which =Z(@q) for all and = (Zp). 
Consequently 
lim = lim (29) S = Slim —lim 


T T 
so that is N.-compact. 
1.14 THEorREM. The following statements are equivalent: 
1). X, is Na-compact. 
2). X satisfies the Helly property of order Na. 
3). is Na-compact. 
Lemmas 1. 12 and 1.13 show that 1) implies 2) implies 3). Reiterating 


this reasoning we find that 3) implies that X, is 8,a-compact. As X, is a 
closed convex subset of ¥,, it follows that , is Sa-compact (see Lemma 1. 3). 


| | 
T 
1 
1 
1 
1 
§ i=1 i=1 
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A property will be said to be hereditary if whenever it holds for a Banach 
space, it also holds for every closed linear subspace. Theorem 1.14 and Lemma 
1.3 give 

1.15 Corotuary. The Helly property of order Sq is hereditary. 


2. On weakly completely continuous transformations. We shall con- 
sider in this section a generalization of the weakly completely continuous 
transformations of a Banach space X to another Banach space Y. 


Definition. A linear transformation U on X to Y will be called 8,-compact 
if U(X,) is Na-compact. 

This definition is an extension of the usual notion of a completely con- 
tinuous transformation. In view of the following lemma, it would clearly 
not do to require only that the transformation take N,-compact sets into 
S,-compact sets. 


2.1 Lemma. If G is an Sq-compact subset of X and U is a linear limited 
transformation on X to Y, then U(G) is &a-compact. 

Suppose [yx | xe directed set of power = N,] C U(G). Then yz is the 
image of some tre G. G being N,-compact, there exists an 2) ¢ XY such that 


for all X. Consequently 


lim = lim UG (22) S = Slim UG (ze) = lim G(yz) 
for all Je Y. 

2.2 THroreM. If U is Na-compact, then the adjoint transformation U 
is pact. 


Let [j= | re directed set of power = N.] be bounded by one. Then there 
exists a 9) € Y such that 


lim < Ho(y) < lim Gr(y) 


for all ye Y. We shall show that for any ie X 


lim 20 (Gr) 20 (9) Slim £0 (Gr). 


Define o to be a finite subset of [Gr] U %. Then [oc] is a directed set 
(= means set inclusion) of power = Ny. By Helly’s theorem (13), for each o 
there exists an toeX such that both U(%)to—2Z0(9) for Feo and 
+1. Hence lim (xc) exists for any of the 


e 


et 


1e 
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set [Yr] U Jo. As is Sa-compact, there exists a yo for which 
lim 9U (ae) S G(yo) S lim (ae) 


for all Ge Clearly =lim gU (ac) = for all of the set 
[Gx] U Consequently 


lim (Gr) lim Yx(Yo) Yo(Yo) (Go) lim (Yo) im ZU (Yr). 


T 


2.3 Corotuary. If U is Sa-compact, then U is likewise 8a-compact. 


By Theorem 2.2, if 0 is 8-compact, then U is Na-compact. That is, 
U(£,) is Na-compact. But X, is equivalent to a subset @ of X;. Therefore 
U(X,) = U(G) is Na-compact. 

Theorem 2. 2 is a generalization of a theorem due to V. Gantmacher (10). 

The following lemmas will be found useful in our further work on No- 
compact transformations. Lemma 2. 4, which is essentially a simplification of 
a lemma due to Banach (1, pp. 119-121), was first stated by Kakutani (14). 


2.4 Lemma. /f [is aw(X) closed linear subset of X not containing Zo, 
then there exists an such that ~ 0 and = 0 forall 
As X is a regular Hausdorf space in the w(X) topology, there exists a 


neighborhood U,,= | i=1,2,---,n] containing no 
elements of Consider the linear transformation = {Z(21), Z(2), 

-,£(a,)} which maps X into the n-dimensional euclidean space FZ. T(T) 
is a linear subspace of F not containing T(Z)). Hence there exists an (n — 1)- 
dimensional hyperplane {c;} containing 7(T) but not containing T(z). 
That is 

n n aie > 


n 
%) = > cix; satisfies the conditions of the lemma. 
i=1 


2.5 Lemma. If G is Sa-compact and if there exists a set TC X of power 
total on Gre, then is 8-compact. 
Suppose [zr | we directed set] C G. Applying Lemma 1.8 to the set 


Fe X, re ], we obtain a directed set [o] such that lim Z(az,) exists 


for all eX. The set of all finite subsets v of T is a directed set (= means set 
inclusion) of power Ny. For v= (41, +, %) there exists an tr, such 
that | —lim << 1/k for all Zev. Define this zz, to be 2. 


Then lim =lim for all As G is Na-compact there exists 


} 
a 
v 
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an Z such that lim Z(ay) = #(z,) for all eT. If we repeat this process for 


I’ =I U &, where @, is an arbitrary element of X, we obtain an 2’, such that 
= lim for all and for all belonging to the 


total set Hence x) = 2’, and as Z was arbitrary, = lim for 
o 


all Ze X. Now, given mo, there exists a o such that ro => m for all c= ap. It 
follows that 


lim Slim = 7(2)) = lim S lim 
Lemma 2.5 is a rather strong result. For instance, if X, is 8.-compact 
and there exists a subset of X of power = &, total on YX, it follows from this 
lemma, that X is Na-complete for all 8. This, by a result due to Goldstine 
(12), implies that X is reflexive (Theorem 1.1). 


2.6 THEOREM. If U ts Na-compact and if there exists a set of power 
=, total on U(X)¢ then (1) U is 8-compact fo rall 8, and (2) U(Y) is 
N.-separable.? 


By Lemma 2.5 U is S-compact for all 8. Let Yo=U(X)c. U also 
defines an adjoint transformation U, on Y) to X. Since 1) any functional on 
Y, can be extended to a functional on Y and conversely any functional on Y 
defines a functional on Yo, and 2) U(#) depends only on the behavior of 9 
on Yo, it follows that U(¥) =U,(¥.). By hypothesis, there exists a subset of 
Y, of power = &, total on Yo. Let T be the set of all finite linear combinations 
with rational coefficients of this set. I is of power = and Tc = (T_z)e. 
Y, is the #(Y,) closure of Ty, by Lemma 2. 4, and hence of T. Therefore given 
9 « Yo, there exists a set [Gx | x « directed set] C T such that lim jx(y) = 9(y) 


for all ye Yo. If we now employ the reasoning used in Theorem 2. 2, we obtain 
lim 20, (jr) =#0,(9) for all ¥. It follows that 0,(9) 
= U,(T)c, which concludes the proof. 

2.7% Corotuary. If U is &.-compact and if there exists a set of power 
= total on U(X)c, then U(X) C U(X)e¢ which is Ra-separable. 

Given Z<X, let + be any finite subset of ¥. Then [7] is a directed set 
(< means set inclusion). By Helly’s theorem (14), there exists for each » an 
teeX such that both U(9)ax = Z0(9) for Jem and || ze || +1. 


*A subset of X will be called ¥,-separable if it contains a strongly dense set of 


power 
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As U(X;) is 8-compact for all 8 (Lemma 2.5), there exists a ye U(X)o 
(Lemma 1.3) for which 20(%) =lim gU (2x) = G(yo) for all Je By 


definition of 0, U(7) = yo. U(X)c is Na-separable, by Theorem 2. 6, since U 
satisfies the same conditions that U satisfies. 


2.8 THEOREM.. If {Uy} is a sequence of Na-compact transformations and 
limn || Un — Uo || = 0, then Uo is Na-compact. 


Suppose [rz | we directed set of power = Let Xo = [ze] x0. 
Then there will exist a subset of Y of power = N, total on U(Xo)c (see the 
argument used in Theorem 1.9). By Lemma 2.5 we infer that Un((Xo)1) is 
8-closed. Let [a] be the class of all pairs (¥,n) where He Y and n is one of 
the integers (0,1,2,:--). We can now apply Lemma 1.8 to the numbers 
[dar = |. Hence there exists a directed set [o] such that lim (zr,) 
exists and phe 


lim 9Un(ar) Slim GU Slim (ze) 

for all Ye Y and n= (0,1,2,:-*). As Un((Xo)1)’ is 8-compact for n = 1, 
there exists a Yn Y such that lim = Y(yn) for all Ye andn=1. 


Now given e, there exists an N such that for n,m=WN || Un—Um|| Se. 
Hence | §(yn— ym)| = lim | — Um) | = || || € 80 that || yx —ym || 


=e forn,m= WN. The sequence y» will therefore converge to an element Yo 


of ¥. As lim = YU (are) uniformly in z, the iterated limits theorem 


n 


gives lim JU (azz) = Y(yo). By the above inequalities 


lim S G(yo) S lim (az) 


forall ye Y. Uy is therefore 8.-compact. 


8. The convex extension of 8, compact sets. The principal theorem of 
this section proves that the closed convex extension of an Na-compact set is 
likewise Na-compact. Making use of this theorem, we obtain a characterization 
of Na-compact subsets G of X which is independent of the separability of X. 
The set of numbers [Z(x)| @¢X,, 2G] can be considered as a class of func- 
tions having the range X, or as a class of functions having the range G. Our 


‘ characterization of Na-compact sets exhibits these two function classes as duals 


of one another. 


3.1 THEorEM. If G is an No-compact subset of a separable Banach space 
X, then U(Z) = [&(x)| xe G] on X to Meg is No-compact. 


t T 
, 
t 
8 
e 
0 
l 
y 

8 
l 
0 
n 
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Since G is bounded (by Corollary 1.7), [@(x)| eG] belongs to Mg. 
Suppose that {Z,} is a sequence of functionals bounded by one. As X is 
separable, X, is a compact metric space in its #(X) topology (1, pp. 185-186). 
Hence there exists a subsequence, which we renumber for convenience, and an 
¥ such that lim = (2) for all ee X. We will show that lim 60 (Z,) 


= 60 (a) or that lim where Gn 4% for all be Mg. By a 


theorem due to Hildebrandt (13) this is equivalent to lim f Yn(x)dB=0 
n G 
for all finitely additive bounded set functions 8 on all subsets of G. Suppose 


this were not the case. Then by a theorem due to Banach (1, p. 219), there 
exists a sequence {7} C G@ such that lim lim | 9n(%)| >e>0. Since G 


is No-compact there exists a subsequence {2;,} which converges weakly as 


elements to an ¢X. Therefore lim | ¥(2;)| S | However lim Gn 


= 0, which is in contradiction to our supposition. 


3. 2 COROLLARY. If G is an So-compact subset of a Banach space X, then 
[Seaer | Xe | az | ts No-compact. 


co 
Suppose z, = a;"x," where >| and We shall show 
i=1 i=1 


that {zn} is contained in an 8) compact subset of X. Let Xo = [ai"] xc and 
Go =G)Xo. Then Go is So-compact (by Lemma 1.3) and is contained in 
the separable space Xo. Define T(a) = %¢,a2r where %¢,|d2|< 0. As Gis 
bounded (by Corollary 1.7), 7 is linear on le, to X. T(z) = [&(zx)| re Go] 
on X to Mg, is by Theorem 3.1 &-compact. By Corollary 2.3, 7 is likewise 
&o-compact. Therefore T[(/¢,)1] which contains is No-compact. 

Krein (15) has demonstrated the slightly weaker result that the convex 
extension of an N,. compact subset of a separable Banach space is likewise 
N,-compact. His proof made use of the Fubini Theorem. The following lemma 
is due to Smulian (25). For the sake of completeness we shall give another 
proof of this result. 


3.3 Lemma. If is %o-compact, then Ge is So-compact. 


If {an} C Go, then there exist yn in G such that || %n—yn|| << 1/n. 
As G is %,-compact, there exists an 2 for which 


lim (Yn) = (Xo) = lim 


for all Now if ||#@|| 1 and n=k, then Z(2,) —1/k [F(yn) 


< (a,) +1/k. Thus 
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lim —1/k Slim &(yn) S S lim (yn) Slim &(an) + 


n n 
for all k. In other words 


lim S lim &(an). 


Hence by Theorem 1. 6, Go is So-compact. 
3.4 THEOREM. If G is Sa-compact, then Ge 1s Na-compact. 


If [vz | we directed set of power = 8] C Gc, then there exist elements 
ae" in G such that || ce—ae"|| <1/n. As G is Na-compact, there exist x” 
in X for which 


for all eX. It follows that 


lim —1/n S &(a") Slim + 1/n 

for all ¢X,.:By Lemma 1.3 a, belongs to the closed convex extension of G 
which, according to Corollary 3.2 and Lemma 3. 3, is No-compact. Hence we 


ean find an 2) ¢X such that 


lim S S lim 
for all @eX. Finally 
lim @(ar) S lim &(a2") + 1/nSZ@(a%) S lim —1/n Slim 
n 
for all 7). 
We remark that the same argument shows G N,-closed to imply Ge Na- 


closed. The only lemmas used. in the proof concerned No-compactness which 


is equivalent to No-closedness. 


3.5 Lemma. If G is 8-compact, then [Xedzrt | Xe | az | S 1] is 8-compact. 


n= 


n 
Let Sn» =[DS cia |S | We first show that S, is 8-com- 
i=1 
. . * 
pact. Suppose [az |e directed set] C S,. That is ar => where 
i=1 
n . . . 
| |S 1 and Let be the point in a 2n-dimensional euclidean 
i= 
space having the codrdinates +, %(an™), C17, Co™,* Cn™). 
The set [ase | re [|] is contained in a bounded and hence bicompact subset 
of this space. We can therefore apply Lemma 1. 8 and obtain a directed set [oc] 


“ 
n 
T 
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such that lim &(a,™) exists for each i and eX, and lim c;™o = c, exists for 
each 1. rend G is 8-compact, there exist 2; «X such that ‘Tim = 


for all Consequently lim = hence 


n n 
1 2 
Now for a given zp there exists a a» such that ro = m if o = oo. Consequently 
n 
if => then 
1 


g 
We shall next show that S = 3S, is 8-closed for all 8. Suppose therefore 
that [a | pe ordinal numbers <Q]CS. Let ape S,]. Then 
= [» | »< Q] and Tn. As is 8-compact and II, is a directed 
set, there exists an 2, ¢ Sc by Lemma 1.3 such that 


lim S S lim 
for all eX. By Lemmas 3. 5 and 3.3, So is So-compact. Thus there exists 
an Zz) « X such that 

lim S S lim 

For a given eX and e > 0, there exists a wo such that p= po implies 7(zp) 
= lim (z.) —e. Further there exists an N such that n = N implies po € In 


and hence lim Z(z,) = lim —e. Therefore = lim —e for 
weTIn 
alle. A symmetric argument gives 


lim S S lim &(ay) 
for all 
S is certainly convex and hence by Theorem 1.10, § is S-compact for all &. 
Finally the set [Xeazx | Xe | az | = 1] is 8-compact by Theorem 3. 4. 


az | 1] is 


3.6 If is Sq-compact, then [Xearr | Xe 


compact. 
a, | ti. 


Suppose [zz | we directed set of power = 8] C [Reaer | Xe 


Hence = > where G. Let Xo» =[ai™]zc. By a familiar argu- 
i=1 

ment, there exists a set of power totalon Xo. By Lemma 2. 5, =G () Xo 


\w 
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is 8-compact. Since [3¢,4er | Se, | dz | S 1] is by Lemma 3. 5 8-compact and 
contains [ax|, there exists an 2) «X such that 


lim @(ar) < lim 


for all Ze X. 
Combining this result with Theorem 3. 4, we obtain 


3.7 Corotuary. If G is Na-compact, then its closed convex extension is 


likewise Sq-compact. 


We are now in a position to justify one of the introductory remarks, 
namely, @ is N.-compact if and only if the w(X) closure of G is Sa-compact*. 
For if G is N,-compact, then its convex closed extension (which is weakly 
closed) is 8.-compact and hence by Theorem 1. 9 this set is 8a compact*. The 
weak closure of @ being a weakly closed subset of an Na-compact* set is one 
8,-compact*. The converse follows from Theorem 1. 9. 

If G is a bounded subset of X and £ a finitely additive set function on all 


subsets of G, we shall define f x dB to be an element x of X for which 


= f dB for all eX. 
G 
3.8 THEOREM. The following are equivalent: 
1). G is 8-compact. 
2). (cev(G))o is 8-compact. 


3). f x dB exists and is unique for all B. 
G 


4). limZo(z) 0 for all 2eX implies for all B; 
G 
and G is bounded. 

5). U(#) =[a(x)| ce G] is 8-compact on X to Me for all 8. 


We shall show that 1) ~ 2) ~3) ~4)—5)->1). 
That 1) implies 2) is a restatement of Corollary 3.7. By Lemma 3. 5, 
S=[Sa.c|>|a,|=1] is 8-compact. Let a be a subdivision of G into a 
G G 


finite number of subsets {7;}. Define where is some 

element of 7;. Then f t(x)dB =limi(rr). As [rx] CS, it follows that 
G 

there eXists an 2%» « X such that 


for all @eX. If Z(2’o) #(x)dB for all eX, then — 0 for 
G 
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all ¢X which implies x) = 2’). Therefore 2) implies 3). That 3) implies 
4) is obvious. 


If G is bounded, we can define the linear transformation T (a) = > az 
G 


< © onlg to X. Then T(#) = on to Mg. 


where > | av 
G 
We shall show that 7 is 8-compact as a consequence of 4). Given [ir | me 
directed set] C £,. Applying Lemma 1.8 to the numbers ve X, 
a «([m]] we obtain a directed set [o] such that lim #r,(x) exists, and given m 


there exists a oo such that ro = mp for all c= oo. Now lim &r,(x) defines an 
element of ¥, namely, = lim For every be Mg, bT(z) 

i(x)dB. By 4) lim =b7(%) and hence lim bf (#2) < bT 
G 

< lim b7 (ir) which proves 5). By Corollary 2.3, T ‘is likewise 8-compact 

for all 8. Therefore GC T((lg),1) is 8-closed. This concludes the proof. 
An application of this theorem gives a criterion for the interchange of 

order of integration for finitely additive set functions. Let f(s,¢) on SX T 

have the property that [f(s,.)|s¢«S] is an 8-compact subset of Mr. Then 

for any finitely additive set function « on all subsets of S and any finitely 

additive set function 8 on all subsets of 7, 


If G is an 8,-compact subset of 1 and H C & is such that for re G 


k, || Ssup | #(z)| Sk || || where k1, > 0 
zeH 


then V(x) = [&(x)| eH] maps G isomorphically into a subset G of Mn. 
Clearly G is likewise Sa-compact (see Lemma 2.1). Further U(#) = [#(z2)| 
xeG] maps H into a subset § of Meg since G is bounded. The following 
theorem states that G=[.(zx)| is 8.-compact if and only if 6=[<(.)| 
&¢«H| is Sa-compact. In this sense the sets & and § are the duals of one 
another. To make this duality more striking, let us consider the real valued 
bounded function f(s,t) on SX T. Then G=[f(.,t)|te7] is a subset 
of Ms and H=[f(s, .)| seS] is a subset of Mr. Using these definitions of 
@ and § we have 


3.9 THEOREM. © is N.-compact if and only if § is Sa-compact. * 


By symmetry we need only show that if © is S,-compact, then § is &.- 


compact. Now W(a) = Saf(.,t) where }|a:| < is a linear trans- 
T T 


i 

i] 
| 
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formation on /p to Mg since © is bounded. As © is Na-compact, Theorem 3. 6 
implies that W((/r):) is Sa-compact. Hence W is Sa-compact. By Theorem 
2. 2, W on Mg to Mr is Na-compact. Since 7,(z) —2(s) on Msg to real 
numbers is an element of it follows that = [W(a.) =f(s,. )| seS] 
is Na-compact which was to be proved. 

3.10 CoroLLaRy. A necessary and sufficient condition that G be So- 
compact is that both 1). G be bounded, and 2). U(#) on a determining 
manifold * T in X to Mg be &a-compact. 


In the above notation let H be the unit sphere in Tr. Then § = U(H) 
is by Theorem 3. 9 Sa-compact. U is therefore 8a-compact on T to Mg. Con- 
versely if U is 8a-compact, then § is Na-compact. By Theorem 3.9, © is then 
8,-compact and consequently G = V-*(@) is Sa-compact.* 

We conclude this section with the following theorem: 

3.11 THEorEM. Jf G is Na-compact and there exists a subset of X of 
power S Nz total on Gre, then Gro is Na-separable. 


Let T(a) = where | az | < T is linear limited on Ig to X 
G G 


and by Corollary 3.10 7 is Sa-compact. Hence by Theorem 2. 2, 7’ is Sa-compact. 


As Gro = (T (la) )c, the conclusion follows immediately from Corollary 2. 7. 


4. S-compact sets. In this section we shall consider certain restrictions 
on the geometry of the space under which N,-compactness implies 8-compact- 
ness. Lemma 2.5 is an instance of this type of theorem. The principal 
problem here is still open. This is the problem of determining whether or not 
8, compactness always implies 8-compactness. A subproblem to this is that 
of determining whether or not every space whose unit sphere is 8) compact is 


necessarily reflexive. 


4.1 Definition. A face is a convex set of constant norm. 
Milman (17) has introduced considerations of the type employed in the 
following theorem. In view of Theorem 3.11, this theorem is an extension 


~ 


of Lemma 2. 5. 


4.2 TunoreM. Jf G@ is Nq-compact and if there exist strongly dense 
subsets in every face of power S Na, then G is 8-compact. 


By Corollary 3.7%, (cv(@))e is Na-compact. Theorem 1.10 reduces the 


2A determining manifold I in X is a closed linear subset of X such that 1. u.b. 
[| || for all re X. 

4In this case V is an isometric transformation on X to a cloged linear subset of 
My, on which V-1 is defined. 
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problem to that of proving a closed convex set @ which is Na-compact to be 
8-closed for all 8. Suppose [2 |e ordinals <Q]CG. Define a | 
A=p] and Au=(Fx)c. We first show that the Ay have a common point. 
Since Ay C @ is No-compact, convex, and weakly closed, it contains an element 
yp» such that du = || = g.1.b. [|| 2’ ||| Ap]. Now if > then 
Ay, © Ap,, and consequently du, > dp, Thus lim dy = d exists. We have the 


two following cases: 1). There exists no mo such that d,—d for all p= po. 
In this case we can obtain a spanning sequence pn such that | dy,—d| < 1/n. 
Then a subsequence of {yz} converges weakly to an 2, which is easily shown 
to lie in f) Ap. 2). There exists a wo such that dh —d for all »= po. The 
set [yp | u = wo] therefore lies in a face. By hypothesis there exists a strongly 
dense subset in this face of power = Ny. Let Xo be the linear closed extension 
of this face. By a familiar argument, there exists a set of power = &, total 
on X,. Therefore Go = Gf) Xo is by Lemma 2.5 S-compact. Hence there 
exists an Z) such that 
lim S S lim 

“ 

for all eX. If x) were not an element of A), then we could find an eX and 
a constant ¢ such that #(A,) Sc and > c (8, p. 331). Thus Se 
for all » = A, contrary to the above inequalities. In both cases we can there- 
fore find an Ap. For a given € and po there exist py, = po 
such that || cizp,— || < © where c; = 0 and 3c; For one of these 
pa’S, (2p) S + € while for another = —e. Hence 


for all Ze X. 


A space is said to be strictly convex if every face contains but a single 
element. We obtain as a corollary 


4.3 Corottary. If G is o-compact and X is strictly convex, then G 1s 
8-compact. 

Clarkson (7) has shown that every separable space is- isomorphic to a 
strictly convex space.© By employing the same method, one can easily prove 
that any space on which there exists a total set of power < &, is isomorphic 
to a strictly convex space. This, however, gives no more than Lemma 2. 5. 

Let a(r) be a non-negative measure function on the sigma field Z of 
subsets of We assume that T — where << «©. Define to 
be the class of all essentially bounded measurable functions on T. Mi(Z) is a 


*The author has shown that the space M, (where the power of T>jx,) is not 
isomorphic to a strictly convex space——Added September 1942. 
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Banach space under the norm || ¢|| ess. lLu.b. [| Let us 


define 
% 


1 a(7:i) 


Then || ¢ ||/2% || =|] ¢||. 


ldo+ty|%da 


2 a (74) 

Thus if || then f |¢—y|?da—0 for 


all i. That is ¢(¢) =y(t) a.e. The renormed Yt(Z) is therefore strictly 
convex and isomorphic to the original Yt(Z). Making use of Corollary 4. 3 
we have 

4.4 TuroreM. G@ is an So-compact subset of then G is 


compact. 


4.5 If G is an &o-compact subset of then G is 
com pact.® 

Dunford and Pettis (8, p. 376) have shown that GC 2(Z) is 8o-compact 
if and only if 

1). Gis bounded, 

2). given e > 0 there is a 8 > 0 such that a(r) < 8 implies | f d da. | 

< every 
3). for each decomposition {7,} of T lim > | ¢da|—0 uniformly 


mw m e/ Tt 
over G. 


We shall now show that these conditions are sufficient to imply that G@ is 8- 
compact. Suppose [¢x | we directed set] CG. Let ar = f gx da. Since 


G is bounded, we can apply Lemma 1.8 and obtain a directed set [o] for 


which lim ad;rg = a, exists for all reZ. a, is clearly finitely additive on Z 


®2(Z) is defined to be the class of all summable functions on 7 where || ¢ || 


| o(t)| da and T= 2r, [a(r,) < co]. 


| 

2 
} 2 im 
> 
| 
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and by condition 2) absolutely continuous with respect to a. If {tn} is a 

monotonic ascending sequence of sets r, «ZX and lim tr, = 7, then by condition 

3) lima;,x—4d;r uniformly in . Hence by the familiar iterated limits 
n 


theorem lima;,—a;. 4d, is therefore completely additive and by the Radon- 
Nikodym cents the indefinite integral of an element ¢ of 2(Z). If pisa 
bounded step function on &, then lim ‘ Yorg da = J, wp du. Since the 
bounded step functions are strongly dense in M(X) = (TX), it follows that 
lim da = yp da for all pe Finally, for every zo, there 


exists a such that ro = for all o= oo. Consequently 


lim f bor da <Tim f da 
T T 


for all ye Mt(L), which was to be proved. 

For purposes of the next theorem, we define cy to be the class of all real 
valued functions x(t) on an abstract class 7 which converge to:zero for any 
sequence CT. With ||2||—l.u.b. [| 2(t)| |te7], co is a Banach 
space. 


4.6 THeEorEM. I[f G is an No-compact subset of Co, then G is 8-compact. 
We first show that if G is 8o-compact then 


1). G is bounded, 
2). for all sequences {t;} of distinct elements of T lim {g.1. b. [| #(¢;)| | 
n 


=1,2,- --,n]}—0O uniformly over G. 


1) follows from Corollary 1.7. Let us suppose that G NS o-compact does not 
imply 2). Then there exists an ¢ > 0 and a sequence {t;} of distinct elements 
such that for every n we can find an 2, ¢ G for which | a,(t;)| =e, i= 1, 2, 

-+,n. As is 8o-compact, a subsequence converges weakly to some 
Zo€Co. Since tn,(t) x(t) for all te T, it follows that | =e for 
all ¢;. This is impossible for 2 € Cp. 

We next show that conditions 1) and 2) are sufficient to make G 8-compact. 
Suppose [zz | ze directed set] C G. By 1), the numbers zz(t) are bounded. 
Applying Lemma 1. 8, we obtain a directed set [o] such that lim zx,(t) = a(t) 


exists for all ¢e7. If a(t) did not belong to co, there would exist an e > 0 
and a sequence {t;} of distinct points such that | a(t;)| =e for all i. By 2), 
there exists an N such that g.1.b. [| |¢=1,2,- - -,N] < €/2, for all 
zeG. This is contrary to the fact that we can find a o» such that o = op 


0 
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implies | —a(ti)| < €/2 fori=1,2,---,N. Hence a(t) ec. Since 
==l7, it is easy to show that lim = for all ely. Finally, for 

every mo, there exists a a) such that ro = mp for all o = a. Consequently 


lim S @(a) Slim 
for all Ze ly. 


THEOREM. G is an No-compact subset of lr, then G is 8-compact. 


To prove this, we show that /p is isomorphic to a strictly convex space. 
The result then follows by Corollary 4.3. Define 


| ae |)? + | ae | 
T 


Then || a|| = The remainder of the proof is similar to 
that of Theorem 4. 4. 
The corresponding theorem for Mr =r is, to our knowledge, unproved. 


| 


Such a theorem would settle the general problem since any Banach space is 
equivalent to a subspace of an Mr space. We shall conclude this section with 
a characterization of So-compact subsets of My in the hope that this charac- 
terization may be found useful in attacking the general problem. 


4.8 THEOREM. GC Mp is &-compact if and only if G is bounded and 
for all sequences {t;} there exists a subsequence {t;,} and an Ge Mr such that 
for no > 0 and no subsequence {t;,,} ts 


| | —#(z)| > e] 40 
for all n. 


We can apply Theorem 3.9 to f(t,7) =2(t) on T XG. The following 
statements are equivalent: 1). G=G=[f(.,2)|aeG@] is No-closed; 2). 
$= [f(t, .)| C Me is So-compact; 3). Given any sequence {t;} there 
exists a subsequence {¢;,} and an element y(x) of Mg such that lim lim | Ln(ti,) 

—y(an)| = 0 for all sequences C G. The last equivalence follows from 
a theorem due to Banach (1, p. 219). Now y(x) can be extended over Mp 


to be the functional <(z) = Lim z(t;,) where Lim stands for the Banach 
j 
generalized limit function (1, p. 34). 3) can be restated as: given any 
sequence {t,} there exists a subsequence {t;,} and an @e Mr such that for no 
€ > 0 and no subsequence {ti} of {t;,} islim | an(ts,,) — &(xn,)| > © for some 
n 
sequence {z,}C G. The required condition clearly implies this. Suppose the 
converse were not true. Then there would exist an ¢ > 0 and a subsequence 
{ts,,} of {t4,} such that | — &(x)| > e] for all n. Choose 


9 


2 

| 

> 

| 

) 

‘ 
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out of (\"[zx | | r(ti;,) —@(x)| >e]. Then lim | — €(an)| Ze 
k=1 
in contradiction to our assumption. 


5. Integral representations of absolutely continuous set functions. 
The principal theorems of this section deal with an extension of the Radon- 
Nikodym theorem from real valued set functions to certain abstract valued 
functions. Gelfand (11), Clarkson (7), Pettis (19), and Dunford and Pettis 
(8) have obtained many results on this problem. By assuming that the set 
function lies in an “ essentially ” So-compact subset, we have been able to 
extend these results to sigma fields which are not separable. As an application, 
we obtain the general form:of the weakly completely continuous transformation 
on &(Z) to an arbitrary Banach space and prove that it is separable valued. 

We shall consider an abstract class T of elements ¢ possessing a sigma 
field = of subsets r of T. a(r) will be a single-valued, non-negative, com- 
pletely additive measure function of {. We shall assume that there exists a 
denumerable decomposition {7;} of 7’ such that a(7) < o. It will be con- 
venient to designate by |7| the value a(r). We shall define the class of 
additive XY valued set functions 

=[a(r)| || SM-| |r] < 
Finally we shall define B~(X) to be the class of weakly measurable point 
functions y(t) on T to X whose values are contained in a separable 8-compact 
subspace of XY. With the norm || 2(.)|| =1.u.b. [(|| x(r)||/| 7 |) | re 
0<|r|< for V~(X) and || y(.)|| —ess. Lu. b. [|] y(t)|| | te for 
B~©(X), both of these classes become Banach spaces. 

Integration with respect to « will be realized by means of the Bochner 
integral (2). Since y(t) «e B®(X) is contained in a separable subspace of JX, 
y(t) is measurable (20, theorem 1.1) and hence integrable on all sets re Z of 
finite measure. 


5.1 Tueorem. If and S=[(2(r)/|r|0< [7] < 
is So-compact, then there exists a y(.) « B©(X) such that x(r) = f y(t) da 


for all + of finite measure. 
If R is the space of real numbers, then by the Radon-Nikodym theorem 
there exists for each f(.)«V™~(R) a g(.)¢«B°(R) such that f(r) 


ate ( g(t) da for all + of finite measures. V(f(.)) = 9(.) defines an equi- 
T 
valence between V©(R) and B®©(R). Hence by Theorem 4.4, 8, compact 


subsets of V~(R) are S-compact. Define W(Z) = 
0<|r|< on to VY(R). Since | O< |r| 
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< 0] is No-compact, it. follows by Corollary 3.10 that W is No-compact. As 
W(X,) is an o-compact subset of it must be 8-compact. Hence by 
this same corollary S is 8-compact. 

Let w be a finite number of disjoint sets + of for which 0 < | T | < om. 
7, = m2 Will mean that 371 37? and that every set r+ ¢7, is either a subset 
of some 7? € 7,2 or that 7 is disjoint from every r* e722. For each z, we define 
= x(ri)/| | for ter; and yx(t) = 0 elsewhere. Then if V(Z(2(.))) 
= 9z(t), lim | g7(t) —€(yx(t))| = 0 for all te T and uniformly for any set 


of finite measure. As [yr(t)] CS is 8-compact, there exists a function y(t) 
such that Z(y(¢)) =lim =gaz(t) for all @eX. y(t) is clearly 


weakly measurable. By Lemma 1.3, y(¢) belongs to (cv(S))e which is 8- 


compact by Theorem 3.6. Further, it is clear that Z(2(r)) = f gz(t) da 
T 


= f &(y(t) )dz« for all + of finite measure. 


We shall now show that y(t) is separable valued. Actually we shall prove 
a stronger result, namely if | 7) |7< , then [x(r)| + C zo] is compact valued. 
This is equivalent to the statement that [@(x(r))| 7 C 70, X,] is a compact 
subset of M(,C;,) (21, theorem 3.1). As (cv(S))c is 8-compact, it follows 
from Corollary 3.10 that given any sequence {%,} C ¥, there exists a sub- 


sequence {Z,'} and an such that lim = Z)(x) for all ve (ev(S) )c. 
n 


y(t) is bounded. Consequently ) -{ (y(t) )d« converges to 

T 
uniformly for all rC r. Now 7 = 37; where | | < 0. Conse- 
quently [x(r)| reZ, |r| < oc] is separable valued. But S and hence 
(cv(S) )¢ is contained in the closed linear extension of this set which is clearly 
a separable subspace of X. Therefore y(t) is separable valued. Thus y(.) € 
B°(X). That y(t)d« follows from Z(2(r)) E(y(t))da 
for all Ze X. 


5.2 TuroreM. The general form of the weakly completely continuous 


transformation U on 2(Z) to X is 

1) U(¢) = f y(t) da 

where y(.) «B®(X) and || y(.)|| = || ||. U is separable valued and 8- 
compact for all &. 


Let x, be the characteristic function of the set 7«. Define z(r) = U (xr) 
for all re such that | | < o. It is clear that belongs to and 
that [(a(r)/|7|)| 0< < ©] is No-compact. Applying Theorem 
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5.1, we obtain y(.) ¢«B°(X) where z(r) —{ y(t)da for all + of finite 
7 


measure. Now (1) is satisfied by all step functions in (2). Since 


and since all functions in 2(2) can be approximated by step functions, (1) is 
valid in the general case. By ”) we have ||U||S||y(.)|]. As 
x(r){|/| | S || |)|| S || ||, it follows from the way in which 
y(t) was found that || y(¢)|| <1. u.b. 
Hence || 0 || =|] y(.)|]. Further f (t)y(t)dae[y(t)]xe. Therefore 
U’ is separable valued. Conversely, it is easily seen that (1) defines a linear 
limited transformation. Suppose ||/¢/|=1. Then f o(1)y(t)da is 


approximated by elements of the type ri | where ¢7; and 
is a decomposition of 7. But these are contained in the set [SD ary(t) 
T 


| x | a: | which by Theorem 3.6 is S-compact. Therefore U((%),) lies 
in the closure of this set which by Theorem 3. 4 is also 8-compact. This con- 
cludes the proof. 

An alternative proof for Theorems 5.1 and 5.2 will now be presented. 
This argument is not as direct, depending upon a long chain of results. 
Suppose 7 = =r; where +; are disjoint sets of Z of finite measure. Set 


Cr = | Sn for ti, = 0 elsewhere]. 
{= =1 

As shown in Theorem 4.5, Cy is So-compact. ‘Suppose that U is o-compact 
on 2(2) to X. It can be shown that U(C,) is conditionally compact (21, 
theorem 5.5) and hence contained in a separable closed linear subspace X» 
of X¥. Now SC, is dense in 2(2). Therefore U(2) C (3Xxn)eo which is a 
separable subspace of XY. U is therefore separable valued. The general form 
of the weakly completely continuous separable transformation has been shown 
to be that given by Theorem 5. 2 (21, theorem 5.4). From this one can easily 
obtain Theorem 5. 1. 

We remark that Theorem 5.2 can not be extended to the general space 
of Lebesgue integrable functions where 7 is not the sum of a denumerable 
number of sets of finite measure. For suppose £ =I; where T>,. Let 
< Define U(a) =z where a; for all teT. 

T 


Now 
|| O(a) || = | at || 
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U is therefore bounded and certainly not separable valued. Finally since 17? 
is reflexive, U is 8-compact. 


5.3 Lemma. If x(r) ts a completely additive a-absolutely continuous 
set function on & to X where a(T) < o, then for each n there exists a decom- 


position (tr, 72, *) of T into disjoint sets of such that 
a(r)||Sn|r| for all rC 
and || e(r)|| =n|r] forallrC ry t=1,2,°°-. 


Given ¢ « X, it follows from a theorem due to Hahn (22, p. 32) that there 
exists a set such that Z(2(r)) = n|r|-||%|| for all and 
E(x(r)) for all 7 CT—-z. Let O=[r|7rCrz for some 
Z,|7| > 0]. We define a transfinite sequence (71, 72,° 3 *) 
as follows: 7, is an arbitrary element of O. Suppose 7) to have been defined for 


all A <p. If there exists r such that r- > = 0 and re O, then set r = tp. 

As @ is bounded, a(7) cannot differ from zero on a nondenumerable number 

of disjoint sets. The sequence therefore contains only a denumerable set of 


elements. Let us put this set into one-to-one correspondence with the natural 

numbers. Define = 7— Then if rC 70, it follows that | | —0 


for all eX. Hence &(x(r)) Sn| || for all eX, so that || x(r)|| 
<n | T |. On the other hand 7; is a subset of some r,,. Thus if rC 7; then 


Lemma 5.3 can obviously be extended to the case of 7’ = 31; where 7; is 


and therefore || 2(7)|| =n|7 |. 


of finite measure. In the following work we will consider such T. 
We define x(r) to be of p-bownded variation for p= 1 if for all finite 
sets m == (71, 72," °°, 7m) Of disjoint sets of finite measure different from zero 


5.4 Lemma. If x(r) is a completely additive « absolutely continuous set 
function on X to X and of p-bounded variation (p= 1), then there exist sets 


{rn} such that t, 2 tra. lim|tm| and || a(r)||Sn|r| for all 
n 
T T — tn. 
Applying Lemma 5.3 to n, we obtain the decomposition (0°, 


of T into disjoint sets such that || 2(r)||<n|7| for all rCo® and 
|| x(r)|| =n for all rCot (it =1,2,---). As x(r) is of p-bounded 


variation, there exists an M such that 
k 
M = | P/| gi |P-1) nP- ai 
i=1 i=l 


co 
Consequently if we define o.— then a(on) M/n’. Let o= 
i=1 


1 
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on* (I —on). Then (n—1)-|o-o*| => =n-|o-ot|. Thus 


a0 
|o-o* | =0 and hence |o| Define Then | | =0. The 
n 
{rn} clearly satisfy the conditions of the theorem. 


5.5 THEOREM. If x(r) is a completely additive a-absolutely continuous 
set function on T to X of p-bounded variation such that 


[(2(r)/ 


is 8o-compact for all n, then there exists a measurable function y(t) such that 


e(r)|P/ 


for all +r if p=1 
for all of finite measure if p> 1 


and 


We can apply Lemma 5. 4 and obtain sets rt, such that t, 2 tn41, lim | 7» | 


= 0, and || z(r)|| Sn|7| for allt C By Theorem 5. 1 there exists 
for each n a yn(.) C B®(X) such that yn(t) for all and 2,(r) 


== 2(r— tt) = yn(t)da for all of finite measure. Since the y,(t) 
T 


are separable valued yn(t) = Ynsi(t) a.e. on J —-n. We define y(t) = yn(t) 
for tétn-.—tn where Tr). Then as | t|—0, y(t) is measurable and 


y(t) = yn(t) ace. on T tp. 

Now if z(t) is measurable and f, || 2(t)||"da < co, one shows by 
step function approximations that V»(z(r)) || 2(4)||"da where z(r) 
z(t)da. Consequently || yn(t) Vp(an(.)) SVp(x(.)). Hence 
lows that lim flim —y(t)||\"da—0. Therefore for all + of finite 


measure z(7) = lim z,(r) = lim ff y(t)d«. If p=1, this 
n n a’ T T 


holds for all r. For given a r there exists a monotonic ascending sequence of 
sets of finite measure such that lim7,—r. a@(r) =lima(r,) = lim 
n 


y(t)da— y(t)de when p= 1. 
Tn 


5.6 Corottary. If x(r) is a completely additive a-absolutely continuous 


n 
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5 


set function on & to a reflexive Banach space X of p-bounded variation, then 
there exists a measurable function y(t) such that 


for all if p=1 
for all r of finite measure tf .p > 1 


and 


We shall conclude this section with an application of Corollary 5.6 to the 
spaces L?(X) introduced by Bochner and Taylor (3). For this purpose we 
do not insist upon the usual decomposition of T into a denumerable sum of 
sets of finite measure. L?(X) is defined to be the class of all measurable 


functions on T to X for which || x(.)|| = || x(t) exists. 
T 
Let U be a linear functional on L?(X) where p> 1. Define 2) =a 


for all ter and yx(r,2) =O elsewhere. If 7 is of finite measure then 
x(7,7) eL?(X) and U(x(r,z)) exists. Following the reasoning of Bochner 
and Taylor (3, theorem 3.2), one can show that U(y(7,z)) is a linear func- 
tional #(7) on 1’, that @(r) is additive on sets of finite measure, that || U ||¢ 
= V,(Z(r)) (1/p + 1/¢ = 1), and that U(2(.)) di(r)- x(t). Since 
Vq(@(r)) < (7) is completely additive and a-absolutely continuous on all 
subsets of a set of finite measure to X. Further one can easily prove Vg(Z(r) ) 
< o implies the existence of a set 7) which has a denumerable decomposition 
into disjoint sets 7; of finite measure and for which 7-7) = 0 gives z(r) = 0. 

If we assume X to be reflexive, then XY is likewise reflexive and we can 
‘apply Corollary 5.6 to the sets {7;}. On each of these there will exist 


a function Z(t) such that = f ti(t)dt and Vg(%(r-7i)) 

f || :(t)||¢dt. Define (t) for ter, (t—1,2,---) and 
Tt 

Z(t) elsewhere. Then is measurable, Z(t)da for all 


sets of finite measure, and || U = V,(#(.)) = || @(t)||¢da. In other 
JT 
words L?(X) = L4(X). 


Turorem. If X is reflexive, then Le(X) =L4(X) and hence 
[?(X) is reflexive. 
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CONTINUA OF FINITE LINEAR MEASURE L.* 


By SAMUEL EILENBERG and O. G. Harrorp, JR. 


1, The a-dimensional measures. For a metric space XY and numbers 

a=0, «>0 define’ —g.1.b. > [8(X;)]* for all decompositions 


X= <e. If no such decomposition exists set 
L(X) =-+ . Since L,* is a non-decreasing function of « we may define 


[4(X) = lim 0. 


This number (which may be + ©) is called the a-dimensional measure of X. 
The number L*(A) is also defined for all subsets AC X and is an outer 
Jarathéodory measure [10, p. 53].? 

It is agreed that [8(A)]° 0,1 according as A is vacuous or not, and 
hence L°(X) .is the number of points in X if it is a finite set and + o 
otherwise. 

The value of L*(X) depends strictly on the choice of the distance func- 
tion p in X. For the sake of clarity we shall sometimes write L*(X, p) 
instead of L*(X). 


2. Szpilrajn’s theorem. The problem. The connection between ¢-di- 
mensional measures and the Menger-Urysohn dimension of XY was studied by 
Szpilrajn [11, 7] who, among other results, has proved that a separable metric 
space X has a dimension S n if and only if there is a metrization p of X such 
that £"*?(X,p) =0. This implies that if dimX —n, L"(X,p) >0 for 
every metrization p of X. 

If X, is a compact metric space consisting of a countably infinite set of 
points and X, is the cartesian product J" * Xo, where J" is the n-dimensional 
cube, it is easily seen that dim X¥,—n but L"(Xn,p) =-+ © for every 
metrization p. This suggests the following 


PrositeM. To characterize a separable metric space X of dimension n 
for which there is a metrization p such that L"(X,p) << + 0. 


* Received July 31, 1941. 
AC X we define 6(A) =l.u.b. p(a,y), 7, yeA. 
2 The numbers in brackets refer to the bibliography at the end of the paper. 
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3. The integral theorem. A necessary condition which the space must 
satisfy can be easily obtained from the following * 


THEOREM 1. Given a metric space X and a real valued function f(z) 
on X such that | S p(x, 22) for all 2,, then 


+00 
L*[ f(t) ]dt < 
-0O 


where the integral is to be understood as an upper integral in the sense of 
Lebesque.* 

Since all the quantities involved are non-negative it follows that if 
+o (or =—0) then L*[f*(t)] << + (or —0) for almost 
all ¢. In particular if L'(X) < + o, then f-'(¢t) is a finite set for almost 
all ¢. 

If zo is a fixed point of X and f(x) = p(x, 2), we get the following 


Jf L1(X,p) < and x eX then the set - 


S(t) = {x | p(x, = t} 
is finite for almost all t. 


Using the function f(2) = p(ao, x) we also easily deduce from Theorem 1 
that if L"**(X) =0 then dim XY =n, which is one half of the theorem of 
Szpilrajn mentioned above. 


4. Rectifiable continua. In this paper attention is restricted to the case 
n=1 and X is a continuum (i.e. a metric, compact and connected space 
containing at least two points). For this case the problem will be completely 
solved (see Section 6). This case, the authors believe, is of particular impor- 
tance on account of its connection with the problem of rectification of con- 
tinuous curves. A continuum YX is called rectifiable if there is a con- 
tinuous mapping, f(/) =X, of the closed unit interval J, 0=¢=1, such 
that the path-length S(f) is finite.© Since the inequality L'(X) = S(f) is 
readily established from the definitions, it follows that, if X is rectifiable, the 
linear measure of X is finite. The converse of this is a consequence of the 


following 


3’ This is a generalization of a theorem of Eilenberg [2]. 

We understand the upper Lebesgue integral of a function f 20 to be the g. 1. b. of 
Lebesgue integrals of all measurable functions g=f. 

5 For a definition of S(f) and simple properties of this functional see Saks [10, 


p. 121). 


ist 
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THEOREM 2. If L'(X) < © there is a continuous mapping f(I) =X 
such that S(f) —&(X). 


This is a generalization of a theorem; of Wazewski [12] (see also [8] 


and [9]). 


5. Continua of finite degree. The point p of the continuum X is said 
to be of finite degree provided that to each « > 0 there is an uncountable family 
of neighborhoods {Ug} of p such that (a) 8(Ua) <.«, (b) for arbitrary Ua, 
Ug in either Ua C Ug or Ug C Uz and (c) each Ug Ug = F(Ua) isa 
finite set. If each point of X is of finite degree, the continuum YX is of finite 
degree. A continuum of finite degree is already regular in the Menger- 
Urysohn sense. 

The point p of the continuum X is called a local separating point pro- 
vided that some pair of points, of the component C containing p of an arbitrary 
neighborhood F of p, are separated by p in R. The development of these 
concepts is due to G. T. Whyburn who has shown that a continuum X is of 
finite degree if and only if every subcontinuum of X contains uncountably 
many local separating points of Y [13]. This theorem of Whyburn implies 
that if X is of finite degree at all points except perhaps those of a compact 
0-dimensional set it is of finite degree. 

6. The main theorem. Denote by J the unit interval OS ¢=1. If 
f(X) = Y, denote by ®(f) the set of all points in Y such that f-1(y) is a finite 
set. We come now to the principal 


THEOREM 3. For every continuum X the following conditions are 


equivalent : ° 

(A) X can be imbedded in the Hilbert cube Qw so as to have a finite 
linear measure. 

(B) X has a homeomorphic image of finite linear measure. 

(C) X is of finite degree. 

(D) Given any two disjoint, closed subsets Xo, X, in X there is a con- 
tinuous mapping f(X) =I such that 


(d,) f(z) =4, for re =—0,1; 
(d.) ®(f) ts uncountable. 


° For the equivalence of (A), (B) and (D) see [3]. For the equivalence of (B) 
and (C), originally established by other methods, see abstract 45-9-321 of the Bulletin of 
the American Mathematical Society, vol. 45 (1939), p. 668. 
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(E) Given any two closed, disjoint subsets Xo, X, in X there is a con- 
tinuous mapping f(X) =I such that 
(e:) f(x) for re X,,1—0,1; 
for every irrational te I, te ®(f). 


(F) Every subcontinuum of X contains uncountably many 7epa- 
rating points of X. 
(G) X is locally connected and for every pair of closed, disjoint subsets 


Xo, in X there is a finite collection of disjoint, perfect sets N,, N2,- Ni 
such that any continuum in X intersecting both Xo and X, contains some N,. 


(H) Given a sequence Xo, X1,X2,- - - of subcontinua such that lim X; 


= X, there is an integer n for which J] Xi is uncountable. 


The problem, as to whether or not the 3-dimensional cube, Q*, can be 
substituted for the Hilbert cube in (A) is open. 

In applications the condition (F) proves most useful in deciding whether 
or not a given continuum has a homeomorph of finite length. 

It is evident that (A) > (B). The implication (B) — (C) is a conse- 
quence of the Corollary to Theorem 1. The theorem of Whyburn mentioned 
in Section 5 states the equivalence of (C) and (F). The equivalence of (C), 
(G) and (H) has been proved elsewhere [5]. Hence only the implications 


(C) (D) — (BE) (A) 


need to be proved. These proofs as well as the proofs of Theorem 1 and 


Theorem 2 are given in the following sections. 
7. Proof of Theorem 1. Given a subset A of X define 


d(A,t)=1 if tef(A);. d(A,t) =0 if tnonef(A). 


Let now 


X =A," + A." 8(A,") < 1/n 


be a sequence of decompositions such that 


lim {8(A,") = £27(X). 
i=1 
Define 
(7. 2) d(t) =lim inf {8( Ai") ¢). 


i=1 


140 
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Since d(A;",¢) is a measurable function of #, 
(7. 3) d(t) is measurable. 
In view of the definition of Z* we have 
co 
L*[f+(t)] Slim inf {8[ Ai": f*(t) 

i=1 

But since 

it follows that 
(7.4) Le[f>(t)] Sd(t). 


From (7%. 2) and the lemma of Fatou [10, p. 29] it follows that 


co co 
f d(t)dt < lim inf {3(A,") f d( Ay", t) dt. 
-0O -& 


i=1 
But since 


ia t)dt meas f(A,") S 8[f( Ai") ] S 8(As*) 


co 


it follows that 
d(t)dt Slim int {8(4i") 


i=1 
This implies 


(1.5) d(t)dt < 


is 
because of (7.1). The theorem is a consequence of (7.3), (7.4) and (7.5). 
Notice that the case « = 0 needs no special proof provided we understand 
that {8(A)}° 0 if A 0 and that {8(A)}°=1 if 


8. Proof of Theorem 2. We shall first establish the more general 


THEOREM 2a. Let X be a continuum such that L'(X) < @ and let 
AC X be an arc with endpoints do, a,. There is a mapping f(I) =X such 
that f(0) = do, f(1) =a, and S(f) S2(X) — L(A). 


Proof. In case X is a tree (i.e. a connected graph containing no closed 
curve) the theorem can be established by an easy induction with respect to the 
number of ramification points of X. 

Since L'(X) < o, X is a locally connected continuum and therefore 
there is a sequence of trees {7';} such that 


ACT,CXY: Lim 


n- 
ts 
Vi 
d 
), 
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Hence we obtain a sequence of mappings fi(Z) = 7; such that f;(0) = a, 
fi(1) =a, and 
S(fi) —D (A) S$ — L(A). 

Since the functions {fj} have a uniformly bounded variation there is a sub- 
sequence {fi,} converging uniformly to a mapping f(J) C X which clearly 
will satisfy all the requirements of Theorem 2a. 

To prove Theorem 2 we notice that since L(X) < o, X is arewise con- 
nected and we can chose the are A so that (A) = 8(X). Since 8(A) S L(A) 
we have 221(X) —L*(A) S —8(X). 


9. Proof that (C) > (D). Let X, and X, be two disjoint closed subsets 
of X. Identifying all the points belonging to Xo one obtains a continuum X* 
which is a continuous image of XY. If X is of finite degree then X* is of finite 
degree at every point except perhaps the point 2» which is the image of X>. 
As we have remarked in Section 5, 1* must therefore be of finite degree also 
at 2. This implies the existence of an uncountable family {Ua} of open 
subsets of X such that: X¥)»C Ug, Ua:X1=—0, Ua—U, is finite, either 

By a theorem of Kuratowski* a continuous mapping f(X) —TJ can be 
constructed such that f(z) = 0 for xe Xo, f(x) = 1 for re X, and that for all 
indices «, except for a countable number of them, the equality U,—U, 
=f '*(t) holds for some ¢. Consequently ®(f) is uncountable and (D) is 
established. 

10. Proof that (D) (EE). We shall use the following 

Lemma 1. Given a perfect set N CTI there is a continuous mapping 
g(1) =I such that g(0) = 0, g(1) =1, and for every irrational t eI the set 
g(t) is a single point of N. 

We omit the proof. 

Let now f be a mapping given by (D). Since @(f) is uncountable and 
@(f) is a Borel set (in fact, a Gsc) there is a perfect set NC (f). Let 
g(1) = be the mapping given by Lemma 1, and define f; = gf. For every 
irrational ¢, we have g(t) eN C ®(f) hence te ®(f,). This proves (KE). 


11. Regular decompositions. A decomposition 


7C. Kuratowski, “Sur les familles monotones d’ensembles fermés et leurs appli- 
cations & la théorie des espaces connexes,” Fundamenta Mathematicae, vol. 30 (1938), 


pp. 17-33. 
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will be called regular if (a) F; is a continuum for i=1,2,---,k and (b) 
F;: F; is finite for 
LEMMA 2. A continuum X 1s regular in the Menger-Urysohn sense if 


and only if for every « > 0 there is a regular decomposition of mesh ® e. 


Proof. It is obvious that if the condition of Lemma 2 is satisfied then XY 
is ragular. Assume now that,X is regular. There is then a decomposition 


X =U,+ 
where U; is open, < «/2 and B(U;) = U;— is finite for 2, 
*,m. Consider the finite set 
i=1 
It is clear that every component of 1 —B has diameter < ¢«/2 and only a 
finite number of components of X — B have a boundary consisting of more 
than one point. Hence we have a decomposition 
Dri ++ De 

where for i =r, D; is the sum of all components of X — B with 2; as bound- 
ary and D,,,,: Dx are the remaining components. Taking Fi = D; we 
obtain a regular decomposition of mesh e. 

12. The condition ,(I1). In terms of regular decompositions we can 
formulate the following condition for a continuum X. 

(1) Given any two disjoint, closed subsets Xo, X, in X there is a con- 
tinuous mapping g(X) CI such that 

(i,) g(x) =0 for re Xo, g(x) > 0 for re Xj; 

(iz) for every regular decomposition {Fi} of X, >} 8[g(Fi)] S1. 

i 

LeMMA 3. (I). 

Proof. Wet f be the function given by (E). Let &(¢) denote the number 
of points of f-*(¢) if f*(¢) is finite and let k(t) = c otherwise. It follows 


from (e,) that < oo for every irrational eI. 
We define the mapping g(X) CJ as follows 


qf 
J. 


§ A decomposition will be said to be of mesh e provided the diameter of each element 
is <e. 
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If ze then f(z) = 0 and g(x) = 0. If xe X, then f(r) —1 and 


dt 
g(2)— f 


therefore g(x) > 0 since k(t) < o on a set of positive measure. Condition 
(i,) is thus fulfilled. 

Now let a regular decomposition {7';} be given. Since F; is a continuum, 
f(Fi) is an interval or a point: 


f(Fi) = [ai, bi] where a; = Bj. 
It follows that 


dt rat dt dt 

and therefore 
(12. 1) 

4 k(t) 
Let 0 be the sequence obtained by arranging the 
points {a;}, {b;} in the natural order. Each of the intervals [ai, bi] will be 
the sum of a number of consecutive intervals [c;,cj,,] and therefore from 
(12.1) we obtain 


12. 2 slg(Fi)] = Sk; 
(12. 2) Zhi 


where &; is the number of indices i for which [¢;, cj,,] © [ai, bi]. It follows 
that [¢;,cj.,] C f(Fi) for kj different indices i. Since F;- Fj; is finite for 
we deduce that f+(t) contains at least k; points for every [¢;, cjs1] 
except perhaps a finite set. Hence = k(t) for almost every te [c;, 


and therefore 
dt 
kj k(t) S — Cj 


Using (12.2) we obtain (iz). 


13. Proof that (E) > (A). Let U;,U2,: - be a sequence of open sets 
forming a base for X. Let {(Xo",X.")} ‘be the sequence of all pairs 
(Xo",X.") such that Xo" U, X," X — VU; and X," = 0. 

Since (E) implies (I), for every pair (Xo",X.") we may consider a 
function g, satisfying (I). Given we X the sequence 


h(x) = +, n*gn(x),- 
is a point of the Hilbert cube Q.. Clearily the mapping h(X) C Q.z is con- 


tinuous. 


he 
be 


n- 
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If %, ¢«X and x ~ 2, then for some index n we have 2 Xo", x, X3" 
and because of (i:), gn(%o) < gn(a@) and consequently h(a) 
Hence h is a homeomorphism. 

Since for X 


plh (2), n* | gu(t0) — 
it follows that 


for every subset A of X. 


Given a regular decomposition {F;} of X we have 
co 00 
i n=1 n=1 i 


and since >) 8[ gn(Fi) = 1 because of (i), we obtain 
i 
(13. 1) SD 
n=1 


Now, since X satisfies (E), it is clear that X is regular and therefore in 
view of Lemma 2 there are regular decompositions of XY of arbitrarily small 
mesh. Hence (13.1) implies that 


B[h(X)] < 00, 


n=1 
This concludes the proof of Theorem 3. Notice that in proving (A) 
we have used (I) and the fact that X is regular. Since (E) implies (1) we 
therefore obtain 


THEOREM 3a.. For a continuum X regular in the sense of Menger- 
Urysohn conditions (A) — (H) and (1) are equivalent. 
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A FUNCTION-THEORETIC IDENTITY.* 
By D. C. SPENCER. 


1. Let n(r,w) denote the number of roots of f=w in |z|<r. We 
have then the following rather general result: 


THEOREM 1. Suppose that g(R), defined for R= 0, is absolutely con- 
tinuous? and that 


(1.1) G(R) -f g(R)d(In R). 


Then for any f regular in |z| =r we have 


(except in cases when g(0) 0 and f =0 on |z|—r). 

Since the derivative appears on the left-hand side of (1.2), the additive 
constant implicit in the definition of G(#) does not matter. 

For functions meromorphic in | z | <r, the identity becomes 


GU 


fl): | | + 2xg(0)n(r, 0) — ©). 


This can be seen almost at once from the argument given in Section 5, the only 
modification (which is rather trivial) being in (5.3) of Theorem 6. For 
convenience we suppose throughout that f is regular? in | z| <1, and that 
0< —r<l. 

Taking g(R) = 1, so that g/(R) = 0, G(R) = R, we obtain 


(1.3) r | f | dp = 2nn(r, 0), 


* Received August 24, 1941. 

1 Absolute continuity on the set of values of | f | is of course sufficient. 

?There is no loss of generality whatever in considering regular functions; the 
method given here is applicable with trivial modification to meromorphic functions. 
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which is Jensen’s formula. Next if A > 0°, the choice g(R) = AR gives 


the identity of Hardy-Stein. Thirdly, if f340, we may take g(R) —InR, 
obtaining 


(1.5) fm | Inf 


This formula may also be found by dividing both sides of (1.4) by A? and 
letting A—> 0. 

Taking g(R) = R?/(1+ G(R) =In[(14+ |a |?) (1+ we 
have (since g(0) = 0) 


Replacing f by f —a in (1.3), subtracting the resulting identity from (1.6) 
and then integrating, we obtain, in the notation of Ahlfors,‘ 


This is Ahlfors’ formulation of Nevanlinna’s first main theorem; similar 
identities were found earlier by Shimizu (3) and Ahlfors (1). Both authors 
use methods quite different from that given here. 

Finally suppose that A > 0, and take g(R) = Min (AR,A). Then if 
{(0) —0 we obtain, after integrating, the following curious identity, 


‘pdpdd. 


where In* | f | = Max (In | f |, 0), and where the integration on the right-hand 
side is extended only over values z for which |f| <1. Integration by ¢ 
alone refers (as above) to the circumference | z | —r. 


2. We write 


A(r), an area-functional, may be given the following geometrical interpre- 


(2.1) A( 


*If f#0 in |2| =r, (1.4) is true for all real X. 

* Ahlfors (2). S(r) is the area, divided by 7, of the stereographic projection on 
the Riemann sphere (of diameter unity) of the transform of |z| <r by f; and [a, 6] 
is the straight-line distance between the projections of a and 6 on this sphere. 


re 


pdpdg. 


iT 


n 
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tation. We suppose first that g(#) is non-negative and non-decreasing. Let 
W(r) denote the map of |z| <r by f, w= Re‘® a point of W(r), and let 
V(r) =V,(r) be the aggregate of points v = [2g(R)]#-e*® for which 
Re‘® C W(r). Then V(r) is a uniform distortion of W(r) in the radial 
direction, and A(r) is the area of V(r), multiply covered points being counted 
multiply. In general, since g(f) is absolutely continuous, we may write 


(2. 2) = (Rk) — 


where g, and g. are each non-negative, non-decreasing, and absolutely con- 
tinuous ; and 


(2.3) A(r) = Ai(r) — A;(r), 
where A; and A, are the areas of Vy, and Vy, respectively. 


3. We define 


T 
(3. 1) p(r, R) n(r, Ret®) 
(3. 2) n(w) =n(1,w) =lim n(r, w), 
rol 
(3. 3) p(k) = R) = lim p(r, R) = n(Re‘®) d®, 
oT 


the limits (though perhaps infinite) existing in virtue of the fact that 
n(r, Ret®), and so p(r, R), are non-decreasing functions of r,0<r< 1. 
If 


R, 1 
(3. 4) < p 


for all R, > 0, where p is a positive (though not necessarily integral) number, 
we say that f is mean p-valent (y). Here we suppose throughout that y is an 
absolutely continuous, non-decreasing function, and that y(0) 0. Then 
(by absolute continuity) (3.4) becomes 


R, 
(3.5) f, ff p(R)-¥(R)dR< py(B:) (Ry > 0). 


In particular, p-valent functions are mean p-valent (y). The special case of 
(3.4) when y = FR? is ordinary mean p-valency, and this has been discussed 
elsewhere.© Roughly, (3.4) is the stronger the more rapidly y increases 
with R. 

We note first that mean p-valency (Wy) implies that n(0) =p. For 


5 See Spencer (4), (5), and (7). 


1 
$ 
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there is a circle of radius 8 = 8(f) > 0 every point of which is covered exactly 
n(0)-times, and if n(0) > p we should have 


6 
(3.6) = n(0)- dly(R)]>p 


in contradiction with (3.4). If p—n(0), we say that f is mean n(0)-valent 
(y). Since f is regular in | z| <1, p(o) and 


(3.7) f = —p(@) = n(0). 


Mean n(0)-valency may therefore be written in the form 
Ry 
(3.8) p(R)dly(R)] f (R, > 0). 
Secondly, since p(r, R) S p(R), we see that 


R, Ry, 
(3.9) p(r, R)aly(R)1S p(R)d[y(R)] (0<r<1,R,>0). 


Therefore a mean p-valent f is a fortiori mean p-valent inside |z| <r< 1. 
The following theorem is useful when combined with Theorem 1. 


THEOREM 2. Suppose that f is mean p-valent (Wy). Then 


(3.10) f = po > 


if p is convex (that is, tf 6” = 0) and if (0) S 0; and 


(3.11) p(R)] < po { 


if p is concave (that is, if ¢” S 0) and if (0) = 0. 
When f is mean n(0)-valent (y), we may replace p by n(0) 


oo 
= oy d{[— p(R)] in (3.10) and (3.11), and these inequalities assume a 
0 


more elegant form. 

The restrictions that ¢(0) be non-positive and non-negative respectively 
in (3.10) and (3.11) arise from the fact that a mean p-valent function f is 
a fortiori mean p,-valent if p, > p, and may therefore be dropped when f is 
mean n(0)-valent and p is replaced by n(0). To see the necessity of these 
conditions we have only to take ¢(R) = RF + 8, 8 positive in (3.10), negative 
in (3.11), to obtain contradictions of both if p is large enough. 

Choosing now ¥(R) = R?, ¢(R) = g([F]#), so that mean p-valency () 
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becomes ordinary mean p-valency, and g(R) = ¢{y(R)}, we have, on inte- 
grating by parts, 


since p(o) =0; 
Boat g(B)] + 9(0) -n(r, 0) 
Re'®) + 9(0) -n(r, 0) 


by Theorem 1. Finally 


(3. 13) vr R)] = = f 


and so, by Theorem 2, we obtain 


THEOREM 3. Suppose that f is mean p-valent. Then 


if g({R]*) is conver and g(0) = 0; 


(3. 15) f py } p(r, R)a(R) | 


if g([R]*) is concave and g(0) = 0. 
If in addition f(0) =0, g(0) =0, and G(0) —0, we obtain by inte- 
grating (3.14) and (3.15) from 0 to r, 0 <r <1, the following result: 


THEOREM 4. Suppose that f is mean p-valent, and that f(0) =0, 
g(0) =0, and G(0) = 0. Then 


if g([R]} is conver; 


if g([R]4) is concave. 
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Taking in particular g = AR’, G(R) = RP, we have 
A/2 
J - p 
Na 
0 p 
r A/2 
y=1 p 


if 0< AX 2, where 


(3. 19) 


and the reverse inequality is true if A >2. Writing 
(3. 20) M(p, f) = Max | f |, 


mean p-valency implies that 


(3.21) p(e,R)d(R*) ple, R)a(R*) < p(R)d(R*) 
0 


and substitution of (3.21) into (3.18) yields the weaker result (proved in 
my paper (4) ) 


(3. 22) pa Mp, f) (0<vA<2). 
0 


The significance of these inequalities becomes clearer when they are 
expressed in terms of integrals taken over the boundary of W(r), the trans- 
form of |z| <r by f. For simplicity we consider (3.18). Taking g = AR’, 
G = R*, in formula (5.1) below, we have 


(3. 23) raf. f | Ride, 


where f(re‘?) = Rei®. If now 

(3. 24) de = 0 

for 0 <r <1, we have for 0 << A= 2, by Hélder’s inequality applied to the 
right-hand side of (3. 23), 


|z|=r 


= A{2wn(r, 0) { f R?d@}/? 
lel=r 


by the argument principle, if f ~0on|z|—r. But, by formula (5.3) below 
with g = 


ee) 
p=1 
|z|=r 


f), 


in 


re 


he 
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(3. 26) f — 2n 
lzl=r 

Substituting from (3.26) into (3. 25), and integrating from 0 to r, we obtain 
(3.18) (with p replaced by n(r,0)). Similarly if A > 2 we have the reverse 
inequality. 

But (3.24) is much stronger than mean p-valency, and is not satisfied 
even by schlicht functions. We see, however, that integrals taken over the 
boundaries of mean p-valent domains behave like integrals in which d®@ = 0. 


4. The final result of the paper lies in a somewhat different direction, 
and is an application of the Ahlfors-Shimizu identity (1.7) in which we 
obtain a localization of the following well-known theorem of Nevanlinna: 


(N) If 
(4.1) T(r) =O(1) (0<*<1), 


where T(r) is Nevanlinna’s characteristic function, then for almost all 6,f 
tends to a limit as z tends non-tangentially to e*, 


We suppose that 0 < a < 7/2, denote by T'4(6) the domain defined by 
<1, | et? —2| < 5/4, | —z) <a, 


and write 
(4. 2) SS 


THEOREM 5. Suppose that f(z) is regular for | z| <1, and that to each 
6 of a set E, 0 << mE S 2z,° there is a positive number «a= a(0) for which 
S_(0) is finite. Then for almost all 6 of € and for every B, 0 < B <x/2, the 
function f(z) tends to a finite limit as z > e*® in Tg(@). 


We note that 
(4.3) Sa(0) < f f | |*rdrd@ — Aa(6), 


say; hence if Aq(@) is finite in € the result of Theorem 4 is true a fortiort. 
Theorem 5 with the hypothesis replaced by the stronger condition that A,g(@) 
is finite in € was suggested to the author by Professor A. Zygmund. 


®*m€ denotes the linear measure of €. 
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Let T.(0) be the subset of T4(@) in which | f | <1, and write 
(4. 4) 4,(6) = f f |? 
(6) 


Using the identity (1.8) in place of (1.7) and noting that 


(4.5) fom 0(1) 


is equivalent to (4.1), a trivial modification of the proof given in Section 7 
shows that the statement of Theorem 5 is true with S,(@) replaced by 4q(6). 


5. We turn now to the proofs of Theorems 1, 2, and 5, and begin with 
Theorem 1, the proof of which is striking in its simplicity. 

Theorem 1 is equivalent to the following theorem, in which we write 
f = 


THEOREM 6. 


(5.2) 2m f° p(r, R)d{g(R)}; 


(5. 3) f g(R)d® = 2m fl p(r, R)d{g(R)} + 2g(0) 0). 

We have given elsewhere” a proof of the special case of Theorem 6 when 
g =AR*, and the idea here is similar. The main difference is that we must 


now consider the possibility that g(0) +0. 


We suppose that f 40 on |z|—vr, and we recall again that, by the 
absolute continuity of g, 
oo 
(5.4) p(r, R)d{g(R)} = f p(r,R)-9/(R)- aR. 
0 70 


We begin with (5.1). Since f~0 on |z|—r, hnf—=MR+@ is 


regular on this circumference, and we have 


0(In R)_ r OR 
01 dp R Or 


Since, differentiating both sides of (1.1), g(R) = RG’ (R), we have by (5. 5) 


Spencer (6). 
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r OR d + 
and this is (5.1). 
Next, 


(57) ff" Podede 


R 


which is (5. 2). 
Finally, since g(F) is absolutely continuous, 


(5. 8) g(R) = — g2(#), 
where g; and g» are non-negative, non-decreasing, absolutely continuous func- 
tions, and 


(5.9) g(R)db = f gi( Rk) db — f g2(R)d®, 
We write 

(5. 10) tk? = 9,(#), 

so that 


(5.11) f 4 Rede. 


As above, let W(r) denote the transform of | z| <r by f, and let B(r) 
be its boundary (B(r) is then the transform of | z|—rbyf). Also let V(r) 
be the set of points v= [2g,(R) ]*- e*® for which Re‘®C W(r), B(r) its 
external boundary—that is to say, 8(1) is the curve composed of points 
= [29,(R) Re‘®'C B(r). Then (See Fig. 1) V(r) and both 
lie in the annulus [29,(0) ]} = RS [2g,( 0) and bounds a domain 
D which, if g,(0) 0, is composed of two parts: (i) V(r); (ii) the circle C, 
0=R < [29:(0) 4, every point of which is covered exactly n(r, 0)-times since 


(5. 12) xf a — f d@ = n(r, 0) 


lel=r 
by the argument principle. 
We write A(() for the area, multiply-covered points counted multiply, 
of a domain G. Since D is closed by the curve w = Re'®, the right-hand side 
of (5.11) is the integral over this domain of a sectorial element, and therefore 
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(5. 13) Jf Rede A(D) = A(V(r)) + (0). 


Next, n{r, 9:-*($R*) « e*®} sheets of V(r) lie over the point Re‘®, and 
hence 
[20,(00)14 


[2,(0) 
Finally 


(5. 15) A(C) =n(r, 0) r{[29,(0) ]3}? = 2ng,(0) - n(r, 0). 


R=v2Q,(0O) 


Substituting (5.14) and (5.15) into (5.13), we obtain (5.3) with g replaced 
by g:. But the same formula is true for g2, and by subtraction (using (5. 8)) 
we obtain (5.3). 

This completes the proof of Theorem 6, and so of Theorem 1. 


6. We take next Theorem 2, and we may suppose that 


(6.1) ¥(B)al— p(R)] = < 


For, having proved the theorem in this case, the general result follows by a 
trivial passage to the limit. We define 


{p, if O<R<R,, 


(6. 2) Po(#) = / 0, otherwise, 


and then 


Vi, 
Y fy 
Uy Y 
Yf 
UY 
Yy 
Yj 
yj 
"7H 
Yy YY 
Y 
4A Z 
Fig. 1. 
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R, 
(6.3) ‘p(R)dly(2)] <Min (py(R.), py(Re)} "pol 


by the hypothesis of mean p-valency and (6.1). Next, integrating twice by 
parts,® 


(6.4) )al— p(R)] = - + 
= (0) + f 
= (0) (0) + 

since y(0) = 0, p(0) = n(0), and p(w) —0; 

= n(0)6(0) + py Ro) 

by (6.1) ; 

(6.5) = pg(0) + 4'(¥(2)) py(Ro) 


if pis convex and ¢(0) <0, since y’ = 0 (by hypothesis) and n(0)S p; 


po(R)] — poly pals ¥(B)al— p(k) 1} 


by (6.1) and (6.2). If ¢ is concave and (0) = 0, it is plain that we have 
the opposite inequality. 


7. It remains to prove Theorem 5. Let €, be the subset of € for which 
%>1/n. We may suppose that €, is measurable; then since mé, > m€ as 
n— o, it is enough to prove the theorem for €,. In other words we may 
suppose that, for some fixed « > 0, S,(6) is finite in €. 

Next, given « >0, we can find a perfect subset €, of € such that 
m(€—€,) < e, and 
(7.1) Sa(0) < Ki(e) 


for 6 of €. That is to say, we may suppose that (7.1) is satisfied in €, and 
that € is perfect. 


cif $'{P(~)} = 00, we suppose that p(R) = 0 for M=R < &, repeat the same 
00 M 
argument with ff replaced by f. throughout, and then let M > 00, 
0 0 


d 
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We write 
(7. 2) D* = > T.(6), 


and A for the set complementary to D* with respect to <1. Then A 
consists of an enumerable set of “triangular ” domains Av. Let P;(v), P2(v) 
be the two boundary points e*%, e*% of Ay for which 6, C &, 6.C €, and let 
C;, be the circle |z| << 1r~9< 1. We shall require the few simple facts about 
D* which are summed up in the following lemma: 


» 


LemMaA 1. (i) The distance d of the boundary of D* from z=0 
satisfies 
(7.3) d=sina>0. 


(ii) To any real number 6 which does not belong to €, there corresponds 
av=v(6) such that 


(7.4) (6) = >I, 

k=1 
where T, C Ay, T,C C,,, C Ta{Ps(v)} and Ty CTa{P2(v)} (10 depending 
only on a). 


In fact, let Po(v) be the point on the boundary of Ay which is nearest the 
origin (P, is the “ vertex” of Ay), and (See Fig. 2) let ¢ be the angle P,OP,, 


Fig. 2. 
Then we have 
sin @ 
(7. 5) OP, = —————<<- => gin @ > 0. 


gin (a+ ¢) 
As for the second part, since @ is not a point of €, there exists a v = v(6) 
such that 6,(v) < 0 < 62(v), where P,(v) = P.(v) We construct 


Q=c'* 


ing 


the 
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angles OQR and RP,S each equal to a, and then triangles OQR and RSP, are 
similar. We have, writing y = angle P,;SR = angle ROQ, 


1.6) Pe 14-68 
sin(a+y)  siny sin 
anc 
(7.7) OR = 


Substituting from (7.7) into (7.6) and simplifying, we obtain 
(7.8) P,S = cos a — sin a: tan y/2, 

and it follows that, if y < Wo(«), then 

(7.9) = K2(a) > 0. 


Hence if YW < Wo(«), part (ii) of Lemma 1 is true. But if y= Wo(a), (ii) is 
obviously true, and this completes the proof of the lemma. 

By (i) of Lemma 1, z = 0 is an interior point of D*, and there exists a 
function h(z,) which maps the unit circle | z, | <1 on D* with h(0) =0. 
We write F(z,) = f{h(2)}, z: = pe’®. It is, then, sufficient to prove that 


For then T() = O(1) by (1.7), and so, by (1), for almost all ¢, F tends 
to a limit as z, > e!” in any T,(@) for which y < 7/2. Also h(2), a bounded 
function, tends to a limit for almost all ¢ as z, > e*? in Ty(¢), y < 7/2. Since 
the boundary of D* is rectifiable, it has a tangent almost everywhere. Hence 
almost everywhere the angle between the right-hand and left-hand tangents is 
7, and it follows at once that lim f(z) exists in every I'g(@), 8 < 7/2, almost 
everywhere in €. 

Let t(r) be the transform of |z| <r by h, and let D*¥(r) = D* °C, 
(C, being the circle with centre at z = 0 and radius r). Then since | h | <1, 
h(0) =0, 


t(r) C D*(r) 


by Schwarz’s lemma, and so 


D*(r) 


A > 
v) 
let 
ut 
= () 
iz 
Se(r) == (i+ | 
uct t(r) 
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Next, writing 
v(p,0)—= 21+ 
0, 


otherwise, 


we have, for suitable K; = K;(a), 


Ta(@) 
if 97 €, by (ii) of Lemma 1 and (7.1); and (7.12) is true a fortiori if 
6C &. Hence by (7.11) and (7.12) ° 


(1—p) -¥(p, pdpdd 


0+Kg.(1-p) 


6-Kz. (1-p) 


This proves (7.10), and completes the proof of Theorem 5. 


STANFORD UNIVERSITY, CALIFORNIA. 


REFERENCES 


1. Ahlfors, L., “ Beitrage zur Theorie der meromorphen Funktionen,” 7. Congr. Math. 
Scand., Oslo (1929). 

2. Ahlfors, L., “ Uber eine Methode in der Theorie der meromorphen Funktionen,” Soc. 
sci, fenn. Comment. Phys.-math. 8, Nr. 10 (1935). 

3. Shimizu, T., “On the theory of meromorphic functions,” Jap. Jour. Math., vol. 6 
(1929), pp. 119-171. 

4. Spencer, D. C., “On finitely mean valent functions,” Proc. London Math. Soc., vol. 
47 (1941), pp. 201-211. 

5. Spencer, D. C., “On finitely mean valent functions II,” Trans. Amer. Math. Soc., 
vol. 48 (1940), pp. 418-435. 

6. Spencer, D. C., “ Note on some function-theoretic indentities,” Jour. London Math. 
Soc., vol. 15 (1940), pp. 84-86. 

7. Spencer, D. C., “On mean one-valent functions,” Annals of Math., vol. 42 (1941), 
pp. 614-633. 


® These final steps in the proof, as well as the use of the domain D*, were suggested - 
by some remarks of Professor J. E. Littlewood in a letter to Professor Zygmund. 


ON FUNCTIONS OF CLASS 1 HAVING THE PROPERTY OF 
DARBOUX.* 


By IsatAH MAXIMOFF. 


1. Defintion 1. A point 2 of a perfect set P is called a point of second 
species of P if it is a both-sided limit point of P. Let E be a linear B- 
measurable set. 


Definition 2. We shall say that a point xz of HE is a point of second 
species of H in the segment [a,b] if there exists a perfect set P(a) having 
the following properties: 


(i) contains and is contained in [a, b|F; 
(ii) if a< 2% < 5b, then Z is a point of second species of P(2»). 
Let f(x) be a finite function of class 1 on [a, 6]. 


Definition 3. We shall say that a perfect set P(a) is a perfect road 
for f(x) in [a,b] at the point 2 if 
(i) 2 is a point of second species of P(x») in [a,b]; 


(ii) f(x) is continuous at the point 2 relative to P(2). 
The author has established the following theorem: 


If a finite function f(x) of Baire’s classification has the property of 
Darboux in [a,b], then there exists for every point x of [a,b] a perfect road 


for f(a) in [a,b]. 


Definition 4. A finite function f(x) will be called partially continuous 
at the point xz» of the segment [a, b].if there exists at 7 a perfect road P(2) 
for f(x) in [a,b]. 

The author has also proved the following theorem: 


A necessary and sufficient condition that a finite function f(a) of class 1 
have the property of Darboua in [a,b] is that f(x) be partially continuous at 
each point of the segment. This theorem will be called the first theorem on 


* Received May 3, 1939; Revised August 14, 1940. 

1“ Sur les fonctions ayant la propriété de Darboux,” Prace Mat.-Fiz., vol. 43 (1935), 
pp. 241-242, 258-259. 

* Loc. cit.?, p. 260. 
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functions of class 1 having the property of Darboux. There is an analogy 
between this theorem and a well-known theorem of Baire on functions of 
class 1: La condition nécessaire et suffisante pour qu'une fonction quelconque 
fim ou infinie soit limite de fonctions continues, est qu'elle soit ponctuellement 
discontinue sur tout ensemble parfait. 


Furthermore there is a well-known theorem of Lebesgue on functions of 
class 1: 


La condition nécessatre et suffisante pour que f, supposée discontinue, soit 
de classe 1 sur P, est que les ensembles de points de P, E(f > A), E(f < A), 
sotent des sommes d’ensembles fermés quelque soit A.‘ 


2. We thus have two theorems on functions of class 1, a) Baire’s theorem 
and b) Lebesgue’s theorem. The author has obtained the analogue of Baire’s 
theorem for functions of class 1 having the property of Darboux; it is of 
interest to obtain the second theorem on these functions analogous to Lebesgue’s 
theorem. In order to formulate and to prove this theorem, we consider any 
two rational numbers w, v (w < v) and the set #,” of all points of the segment 
[a,b] such that w < f(x) < 


LeMMA 1. If f(x) ts a finite function of class 1 having the property of 
Darboux in [a,b] and if x is a point of the set Ey”, then there extsts a non- 
dense perfect set P(a) such that 


(i) P(x) is contained in the set Ey”; 
(ii) 2 is a point of second species of P(x) in [a,b]; 
(iii) f(x) is continuous at the point x» relative to P(axo). 


It is obvious that P(x.) is a perfect non-dense road for f(z) in [a, b] at 


the point Zp. 


Proof. Since f(z) is a finite function of class 1 having the property of 
Darboux in [a,b] we can find a perfect road Q(ao) for f(z) in [a,b] at the 
point 2. Let be any point of #,”. This means that w < f(r) << v. The 
function f(z) is continuous at the point 2» relative to Q(z) and so we can 
find a segment s = —e, 2% + «][a,b], where > 0, such that sQ (x) C Ev”. 
Let R(x.) denote the largest perfect set contained in sQ(a). It is readily 
seen that R(2.) is a perfect road at the point x for f(x) in [a,b] contained 
in Evidently, there exists a non-dense perfect set P(2 ) such that 


3 R. Baire, Lecons sur les fonctions discontinues (1930), p. 124. 
4H. Lebesgue, “ Une propriété caractéristique des fonctions de classe un,” Bull. de la 
Soc. Math. de France, vol. 32 (1904), pp. 229-242. 
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(i) is contained in ; 
(ii) 2» is a point of second species of P(a») in [a,b]. 


This set P(2 ) satisfies all the conditions of our lemma. P(2,) will be called 
a perfect non-dense road for f(z) at the point 2». 

If » is any positive number, let L[f(2o),7] denote the set of all points x 
of [a,b] such that | f(x) —f(ao) | 


LEMMA 2. A necessary and sufficient condition that the function f(x) 
be partially continuous at the point x of the segment [a,b] is that x be a 
point of second species of E [f(xo),y] in [a,b] for every positive ». 


Proof. is a point of second species of En = E[f(r),1/n] in [a,b] 
and so there exists a perfect set Pn such that 


(i) 2p is a point of second species of Pp in [a,b]; 


(ii) P, is contained in Ey. 
Now we form the sets 
= —1/n, Xo) Pra, HH”, = (2,2 + 1/n)Prn 
and the sets G’n, Gn in such a manner that 


(i) if the set H’n — {Hn — is uncountable, then G’n{ 
is a perfect set contained in H’n — {Hn — 

(ii) if the set Hn’ — Ay’..{H’n— Hn} is at most countable, then 
G'n{@"n} is null. 


If a< x <b, then the set a + = (Gn+ Gn) is a perfect road for 
f(x) in - b] at the point a. If atin b}, then the set 2 + > Gn 


n=1 


{ao + is the perfect road for f(x) in [a,b] at the point = = 5}. 


From this we conclude at once that f(x) is partially continuous at each point 
of [a,b]. 

We next assume that f(a) is partially continuous at a point 2» of [a, 6]. 
This means that there exists a perfect road P(x.) for f(x) in [a,b] at the 
point 2. Let » be any positive number. We form the set Pn(%) = P(2o) ° 
E[f(2o),]. The function f(x) is continuous at the point x over P(%») so 
that we can find a segment s = [a —«, % + €][a,b], where « > 0, such that 
sP(a) Since a is a point of second species of in [a,b], 
% is a point of second species of sPy(x)) in [a,b]. But sPn(ao) is contained 
in E[f(ao),7], so that xv is a point of second species of E[f(2o),] in [a,b]. 
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8. Let (y) 41, Y2,¥s,° °° be the sequence of all rational numbers and 
consider any system of perfect sets 


g== 0, 1,2,3,°-- 
(#7) Av[r+p+s] r= 1,2,3,4,°° 
1,2,3,4,°°- 
where yr < yp. We shall say that this system H possesses 
a) the property (ZH =—/H) if 
(1) By —lim Hy (r+ p+5]; 
b) the property (H C EB) if 
(2) Hv 
c) the property (H C #) if 
(3) Hv [r+p+s]CHs [r+p+s41]; 
d) the property (H C #) if every point of F ye [Al +s] where M is the 


greater of the integers r+ p, t+ 7, is a point of second species whenever 


Yt < Yr 
We now state the second theorem on functions of class 1 having the 


property of Darboux. 


THEOREM 1. A necessary and sufficient condition that a finite function 
f(x) of class 1 have the property of Darboux is that there exists a system of 


perfect sets 
8 2,3 
(P) Prir+p+s] 
having the properties: 
a) (E=IP), b) (PCE), c) (PCP), 4d) (PC P). 


Proof. Let f(z) be a finite function of class 1, then Ey is the sum of 
perfect sets Qn (n —1,2,3,4,---) and of a countable set of points zn 
(n =1,2,3,4,---). On the other hand, f(z) possesses the property of 
Darboux in [a, 0] so that we can find by Lemma 1 a perfect road P(an) at 
the point z, for f(z) contained in hv. It is clear that Ew is the sum of 
perfect sets Qm and P(an) {m —1, 2,3, 4,° n= 1,2,3,4,- -}. 

We may thus write 


(4) By Ax [r+p+h] 
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where Ay [r-+ p+ k] are the perfect sets. Hence, we obtain 

(5) Ey —lim [r-+p +s] 

where H 4 [r-+p +s] are perfect sets defined by the relations 


= Aly, + A*y, + 
He Awe Ave, 


r+s 


(6) 


It is obvious that the system H of these perfect sets H s [r+ p+] possesses 
the properties (7H =/H) and (HCE). 
Now we consider any system of perfect sets 


s = 0,1, 2,3,4,° 
(H) ue [r+p+s] r= 1, 2,3, 4, 
4 p= 1,2, 3,4,5,° 


which posseses the properties (1 =/H) and (KC £). 
Let P be an operation which transforms the system H of sets 


1,9, 8,° 
(H) [r+p+s] r= 1,2,3,4,° 
p=1,2,3,4,--- 
into a system PH of perfect sets 
(PH) PHY. [r+p+s]. 


Here the system PH is the result of the operation P on the system H. We 
denote by P:P,H the system of perfects sets which is the result of an operation 
P, on the system P,;H. It is obvious that the system P2P,H may be con- 
sidered as the result of the operation P,P, on the system H. 

We shall now find an operation P which transforms the system H into 
the system P of perfect sets 


1,85 
(P) Pu [r+ p+] 
- 
where 
(7) Pu [r+p+s]—PHY [r+p+s] 


satisfying all the conditions of our theorem. Formula (7) may be written 
in the form P = PH. 
We define the operation P by the formula 


= | 
t 
| 
; 


166 ISAIAH MAXIMOFF. 


where ?, is an operation such that if the system H possesses properties 
(EZ =1H) and (H C E£), then the system ?,H of perfect sets 


[r+p+s] r=1,2,3,4,--- 
Yp 
p= 1,2,3,4,°- 
posseses 
a,) the property (7H =/?,//), i.e. =lim ?,H [r+p+s]; 


b,) the property (H C ?,H C EB), i.e. 
HY [r + s| PnH [r p +- s] 


Up 


¢c,) the property (?,H C P,H), for all integers k = n, i.e. 


PHY [r+p+s]C [rt+p+s+1] 
whenever r+ p+s+15 2n; 

d,) the property (P»H C ?,#) x for all integers k = n, i. e. every point 
of the set PHY. [2k] is a point of second species of the set Priv [2k] 
whenever k = n, 

¥< tSk, rSk, pSk, 


e,) if the system of sets 
1, 8,3, 
[r+p+s] 

p= 1,2,3,4 


possesses properties = 1H), (HC F), HC H)xand (HC A); fork Sn, 
2 


then for all k = n we have (PnH =H), i.e. PnH® [2k] — H¥ [2k] when- 
ever kKiin,r=k,psSk. 

We define the operation ?,, by the formula 
(9) Pn = 


as the combination of certain operations Tn, Sn. Rn. We define the operation 


T, by the formulas 
[r+ p+s] Hy [r+ + He 
(10) + He (r+e+s] for allr+p+sS 2n; 


[r+p+s] [r +p+s] 
(11) for all r+p+s> 2n. 


on 
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It is easily seen tha tthe operation 7’, possesses the properties 
a2) (H=IT,H); be) (HOC T»aAH CE); (TrxH C for all 
if foralkSn, H),, then (7,H = H), for all k Sn, i.e. 


[t+ p +8] = [r+p+s] forallr+p+sS 2k S2n. 


We denote the set [r+p+s] by ry [r+p+s],ie. TH=T. 
We now define the operation S, by the formulas 
(12) [2n] => [2n] whenever 


rp 
Yt S Yr 


in all other cases. 
Here > extends over all integers r, p for which yx S yr S yp Sy7,7Sn,tSn, 


rp 
tn. We readily verify that the operation S, posseses the properties 


as) =I1S8,T);bs) (TCS,TC E£); cs) if (TCT), for all kn, 
8 
then C 8,7’), for allk Sn; d;3) if for all k = n we have (TC T),, i.e. 
y 
[2k] C [2k] whenever 
yr < yr, tSk, rSk, pSk, 
then for all k = n we have (Sr»T' = Tx), i.e. 
r — 
ST [2k] = [2k]. 


We define the operation R, in the following manner. We first denote the 


operation SnZ’, by Vn and define the system WN of sets 


s== 0,1, 2,3,--- 
(N) Ne [rtp+s] 
1,2,3,4,- 
by the formula 
(14) [r+pep+s] = [r+p+s]. 
Evidently, Vn posseses the properties 
a,) (E=1VnH); bs) (A C VnH C EF); (VnH C for all 
8 
dy) (VnH C for all k S n, because V,»H = S8,T, and therefore 


t 
n- 
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the properties a,), bs), Cs), dg) coincide respectively with the properties as), 


bs), ¢s), ds). 
Now we suppose that << yr << yp Myr, tSn,rSn, pSn,rSn and 
that X 4 [2n], X ~e [2n] are any perfect sets such that 


[2n] C Xv [2n] EM. 


The set of all points art which belong to the set X “4 [2n] and which are not 
points of second species of the set X +d [2n] in [a,b] is countable. It is clear 
that art is the extremity of a contiguous interval (a,b) of the set sh ad [2n]. 
Let P(x** ) be a non-dense perfect road at the point 7*f contained in Xu [2n]. 
We now adjoin to the set xu [2n] the set [a, bjxu [2n] or the set [a,b]. 
P(zxrt ) according as the point rt is or is not a point of second species of the 
set xu [2n]. Denote by A(xrt) the result of this adjunction and consider 


the composed operation A*t which consists of the A(z*t ) for all points 7”. 
pT pr pr 


Let * Ya, be an increasing sequence of the numbers 4, y2,° * Yn 
We shall define the operation R, by the formula 
an ds. dg 


Evidently, the operation R, possesses the properties 
as) (E=IR,N);bs) (NC RANCE);¢s) (RnC RN), for all k Sn, 
because in virtue of c,) we have (V,H C VnH); or (NC WN), for all kn 


and the operation R, changes only the sets Ny [r-+p+s] of order n, 
r+ p+ s 2n, in such manner that 


[2n] C [2n]; 
d;) (RAN C R,N), for allk =n; e;) sincee(E=IN), (NCE), (NCW), 
2 8 
and (NC WN), for all kn, then (R,N = WN), for all kn. It is easily 
2 


shown that the operation Pn — R,»SnT, possesses all the properties a,), b;), 
¢:), d:), e:). For this purpose it is sufficient in as), bs), cs), ds), €s) to 
substitute R,N instead of because R,N PH. 

It is obvious that the operation 


P =: - P, 


furnishes a system of perfect sets 


(P) Pe 8) r= 1,2,3,4,° °° 
p=1,2,3,4,°-- 


ot 


it 


1e 


eT 
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where 


Pe, PHS to +4] 


which satisfies all the conditions of our theorem. Besides, the operation P 
possesses the following property: if —l1H), (HC FEF), (HCH), and 


(H < H), for all k =n, then PH» [r+p+s]= HY [r+p+s]. Thus, 
the conditions of our theorem are necessary. To prove that these conditions 
are sufficient, let 2) be any point of the segment [a,b] and let yo — f(a). 
Then, if » is a sufficiently small positive number we have integers i, % 9 
such that 

Yo— Yt Yo Yp Yr Yo ty 


The point x» belongs to the set # .* E ee Consequently, x» belongs to the set 
[2n] 
for sufficiently large n if rSon,pSn,tSn,rSn. Therefore 2p is a point 
of second species of [2n]. But if E[f(zo),] is the set of all points x 
of [a,b] satisfying the condition | f(x) —f(x) | <7, we have [2n] 
C E[f(xo),] so that x is a point of second species of E[f(2o),] in [a, b]. 
Consequently, in virtue of Lemma 2, the function f(z) is partially continuous 
at each point 2 of [a,b]. But f(x) is a finite function of class 1, therefore 
from the first theorem on functions of class 1 having the property of Darboux 


it follows that f(a) possesses the property of Darboux. 
Our theorem is thus proved. 


4. We now turn to the functional equation 


g(x) = f[$(z)] 


where g(x) and f(y) are given functions, and ¢(z) is sought.> We consider 
the case where ¢(x) possesses the property of Darboux in the segment [a, b]. 
Consider the sequence of all rational numbers (y) 41, Y2,y3,° °°. Let # na 
be the set of all points (a, y) such that 


g(x) =f(y), < yp. 


Denote by PH the orthogonal projection of a set H on the x axis. Suppose 
now that M is the greater of the integers p-+r, 7+ and assume y: < 
< Ye < Yr 


5S. Braun, “Sur l’equation fonctionnelle = f[@(a#)],” Fundamenta Mathe- 
maticae, vol. 28 (1937), pp. 294-302; W. Sierpinski, “Sur les fonctions dépendantes,” 
Fundamenta Mathematicae, vol. 28 (1936), pp. 66-70." 
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THEOREM 2. A necessary condition that there exist a finite function 
$(x) of class 1 having the property of Darboux and satisfying the equation 
g(x) =f[ (x) ] ts that there exists a system P of perfect sets (P) ‘= [r+ p 
+s] such that 
(i) lim P¥ [r+p-+s]C PE» ; 

8=00 Yp 
[r+ps] CP” [r+p+s+1] C PEY ; 
(ii) every point of [M+ 8S] is a point of second species of the set 
Prt [M + 8]; 
(iii) lim >; [r+p+s] = [a,b] 


8=00 rp 


Proof. We assume that a finite function of class 1 having the property 
of Darboux satisfies the functional equation g(r) = f[¢(xr)]. It is clear that 
every point [z,¢(zx)] belongs to the set Ey . Since ¢(z) possesses the 


property of Darboux, then there exists a system P of perfect sets 
(P) 
satisfying the second condition of Theorem 1. Besides, it is easily seen that 
lim ir +e +8] C PEY, 
r r r 
[r+ p+s]C Py [r+p+s+1]C 
lim [r+p+s] = [a,}]. 
8=0O Trp Yp 


Thus, our theorem is proved. 


TcHEBOKSARY, U.S.S. R. 


THE CALCULUS OF NON-CONTRADICTION.* 


By GLENN EpwarpD DEXTER. 


In this paper an especially simple calculus of propositions, requiring only 
one assumption, is presented. The principal symbols used are the letters 


” The line forms a parenthesis—thus 


a horizontal line, “——. 


p q isa parenthesis in which p and q occur; p is a parenthesis in which only 
p occurs; p q 7 is a parenthesis in which p, q and f occur. It should be 


noted that r does NoT occur in p q #. The accompanying table correlates 
the new notation with ordinary language and with the notation of Principia 


Mathematica.’ We see that “ not (not p) ” becomes D; “if p and q,.then r” 


———- 


= 


becomes p g 1; and soon. 


TABLE 
not p | —~p p 
if p, then q pq 
porqorr pqf 
p and q 
pand gandr 


The word proposition will denote, indifferently, a letter or a parenthesis. 
To say that we have a certain proposition will mean that that proposition can 
be written without -being covered by a line. Thus if we write 


@-f 


* Received August 29, 1941; Revised February 16, 1942. 
1A. N. Whitehead and B. Russell, Principia Mathematica, vol. I, 1910. Cambridge 


University Press. 
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we evidently have three propositions—p, G and # §. To say that we have a 
contradiction will mean that we have a parenthesis, P, and have also every 
proposition which occurs in P. Thus we have a contradiction in 


or in 


The working of the calculus will depend upon one assumption, as follows: 
If P is a parenthesis such that if we had P we would have a contradiction, then 


we have every proposition which occurs in P. 


A calculation may or may not start from ak hypothesis. In either case, 
the object is to prove that we have one or more propositions designated 
conclusions. (Where there is no hypothesis, as in Example 8, the conclusions 
will be universally valid propositions.) This can be done, in accordance with 
the assumption, by showing that there is a parenthesis, P, in which the conclu- 
sions occur, and such that if we had P we would have a contradiction. This 
parenthesis will be called the trial parenthesis. Sometimes, as in Example 2, 
it will necessarily contain propositions other than the conclusions, 


Example 1. Given ~ (~ p) ; to prove that we have p. 


(1) (2) 


We have (1) by hypothesis. Let the trial parenthesis be (2). In (1) and (2) 
we would have a contradiction. 


Example 2. Given p-q-1; to prove that we have p. 


(1) (2) 


We have (1) by hypothesis. Let the trial parenthesis be (2). In (1) and (2) 
we would have a contradiction. 
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Example 3. Given p and p—  q; to prove that we have gq. 


ee 4 
(1) (2) (3) 


We have (1) and (2) by hypothesis. Let the trial parenthesis be (3). In (1), 
(2) and (3) we would have a contradiction. 


Example 4. Given p; to prove that we have ~ (~ p). 


p 
(1) (2) (3) 


We have (1) by hypothesis. Let the trial parenthesis be (2). But if we had 
(2) we would have (3), by Example 1. In (1) and (3) we would have a 
contradiction. 

In the proof of Example 4, the transition from (2) to (3) constitutes a 
step. A step, in this calculus, can be thought of as a subsidiary calculation, 
using as hypothesis (if an hypothesis is needed) one or more propositions 
already established in the principal calculation. In subsequent proofs, steps 
will be indicated by the formula “+ - -—>- - -,” where the two groups of dots 
represent, respectively, the hypothesis and conclusions of the subsidiary 
calculation. 


Example 5. Given p and q; to prove that we have p- q. 


Pg 
(1) (2) (8) (4) 


We have (1) and (2) by hypothesis. Let the trial parenthesis be (3). 
(3) — (4). In (1), (2) and (4) we would have a contradiction. 


Example 6. Given p; to prove that we have pv q. 


(1) (2) (3) 
We have (1) by hypothesis. Let the trial parenthesis be (2). (2) > (3). 
In (1) and (3) we would have a contradiction. 
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Example 7%. Given (p-q) vp; to prove that we have p, 


P Pq 
(1) (2) (3) 


We have (1) by hypothesis. Let the trial parenthesis be (2). (2) — (3). 
In (1), (2) and (3) we would have a contradiction. 


In Example 7, the step (2) — (3) is a subsidiary calculation which in 
turn contains subsidiary calculations. 


Example 8. To prove that we have (qr) D [(pvq) > (pvr)]. 


(6) (7) (8) 


Let the trial parenthesis be (1). (1) —~(2)(3). (8) —(4)(5). (5) 
— (6)(7).  (2)(7)— (8). In (4), (6) and (8) we would have a 
contradiction. 


It will now be demonstrated that if we have pi: * * Qn and 


lectively can be substituted for p,,- - -, ~m collectively in any formula where 
P15" * * 5 Pm are not covered or are all covered by the same lines. 

To take first the simpler case, assume that p,,- - -, Pm are not covered. 
We have 4q:,° - -, Qn by calculation as follows: 


Pr’ * * Pm 
(1) (2) (3) 


We have (1) and (2) by hypothesis. Let the trial parenthesis be (3). In (1), 


(1) (2) (3) (4) (5) 
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(2) and (3) we would have a contradiction. Hence q,,° * -,qn can be written 
without being covered, and can be substituted for p,,- - -, pm. 

But if Pm are covered by 7 lines (7 =1,2,: - -) then we find 
that Pm occur in P,, P, occurs in P2,- -, Pj-, occurs in P;; where 
P,,: - +, Pj are parentheses, and P; is not covered. Now consider Q;, obtained 
from P; by substituting -, Qn for --,pm. We find that qn 
occur in Q,, Q, occurs in -,Qj-1 occurs in Q;; where Q,,- -,Qj; are 


parentheses. We also find that P, can be represented by pi: + * Pm 81° * * Sx, 


and Q, by q1 °° dn 81 °° & (kK =0,1,2,---), where s,,-- -, are the pro- 
positions other than p,,: - -, Pm which occur in P;. (In our notation here we 
take advantage of the circumstance that propositions within a parenthesis can 
be written in any order without affecting the calculus.) 


We have P, QO, by calculation as follows: 


(1) (2) 
* Pm S41 Sk Qn Sk 
(3) (4) 


(5) (6) (7) 


We have (1) by hypothesis. Let the trial parenthesis be (2). (2) — (3) (4). 
(4) > (5) (6). (1) (5) (7). In (8), (6) and (7) we would have a con- 


tradiction. Similarly we have Q@, P,. 


Again, let i be any integer 2,3,-:--,j. If we have Pi. Qi. and 


Q;-. Pi-1, then we have P; Q; and Q; P; by a calculation similar to that 
in the foregoing paragraph. (Let Pj-, take the place of -, Qi-1 the 
place of 9:,;: - *;9n; Pi the place of Pi; Qi the place of Q,.) But we have 


P, Q, and Q, P,; therefore by induction we have P; Q; and Q; Pj. 
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Since we have P; and P; Qi, we have Q; by Example 3. Hence Q; can be 
written without being covered; in effect, gi,: -°,@n can be substituted for 
* Pm in Pj. 

Thus in all cases, gn can be substituted for p,,---, pm. Similarly 
Pm can be substituted for -, Gn. 

The principle demonstrated above can be used to shorten a great many 


calculations. We have pi: **Pm and ** Pm * * Pm by 


calculation ; therefore p,,---, fm collectively can be substituted for p,-- + pm; 
in effect, two lines of the same length, one above the other, cancel each other. 
Thus in Example 8 we might go from (1) to (2), (4), (6) and (7) simply 
by cancelling pairs of lines in (1). 

Another rule for cancellation can be stated as follows: If we have a 
proposition, p, and have also a parenthesis in which p occurs, then p may be 
cancelled in the parenthesis (unless p is the ONLY proposition in the paren- 
thesis—in that case we have a contradiction, and the calculation is already 
complete). Thus in Example 8, by referring to (7) we might cancel the 7 
in (2), making (2) equivalent to (8). 

We see that the entire proof of Example 8 could be accomplished by 
cancellations in the trial parenthesis. The same may be said of any theorem 
in the first three chapters of Principia Mathematica. 

It remains to be demonstrated that the Calculus of Non-contradiction is 
not weaker than the calculus of propositions in Principia Mathematica. 
Examples 9, 10, 11 and 12, below, and Example 8, above, correspond to the 
five axioms of Principia—propositions *1.2, *1.3, *1.4, *1.5 and *1.6 
respectively. In Example 3 we have the principle of inference. In Examples 
13 to 20 we have D- D’ and D’~- D, where D is the definiendum and D’ the 
definiens, for each of the following definitions in Principia: *1.01, *2. 33, 
*3.01, *4.34. It is evident, then, that we can prove any theorem which can 
be proved by the method of Principia Mathematica, for if necessary we can 
imitate that method. 

The proofs of Examples 9 to 20 can be accomplished, in each instance, by 
cancellations in the trial parenthesis, using only the first rule for cancellation. 


Example 9. To prove that we have (pvp) - p. 


Let the trial parenthesis be p jp. 


ao 
, 


THE CALCULUS OF NON-CONTRADICTION. hi 


Example 10. To prove that we have q-> (pvq). 


Let the trial parenthesis beg p @. 


Example 11. To prove that we have (pvq) > (qvp). 


Let the trial parenthesis be p 


Example 12. To prove that we have [pv (q¢vr)] > [qv(pvr)]. 


Let the trial parenthesis bep p fF. 


Example 13. To prove that we have (pq) D (~pvq). 


Let the trial parenthesis be p 4@. 


Hxample 14. prove that we have (~ pvq) q). 


Let the trial parenthesis be p p= @. 


Example 15. To prove that we have (pvqvr) > [pv (qvr)]. 


Let the trial parenthesis bep fF p @q Ff. 


Example 16. To prove that we have [pv (qvr)] > (pvqvr). 


Let the trial parenthesis be p fF p q #. 
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Example 1%. To prove that we have (p-q) D [~(~pv~q)]. 


Let the trial parenthesis be p q p 4g. 


Example 18. To prove that we have [~ (~pv~q)]- (pq). 


Let the trial parenthesis be p q p 4. 


Let the trial parenthesis be p q r p q fF. 


Example 20. To prove that we have [p-(q:r)]- (p‘q°r). 


Let the trial parenthésis 
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Example 19. To prove that we have (p-q:r) > [p: (q-r)]. 


SPLITTINGS OF A LATTICE.* 


By M. WHITMAN. 


In another paper ([11] Lemma 1.1) the author has shown that in 
FL(n)—. e., the free lattice generated by +, see also [10]—when n 
is finite, given any lattice polynomial b and index p, then either z= 0b or 
b=V ,_,vi, the two cases being mutually exclusive. This is a special case 
of the general situation considered in the present paper: we say a lattice is 
split if it is partitioned into two classes, an ideal and a dual ideal (detailed 
definitions are given below). Birkhoff and Stone have investigated this situa- 
tion to some extent (cf. 3), chiefly showing that any distributive lattice can 
be split in certain ways. Ward and Dilworth ([9] p. 332) have generalized 
the notion in the case of residuated lattices. In the present paper, we consider 
the properties of splittings and successions of splittings in general lattices. 

In 2 we study their existence in terms of relations between the generating 
elements of the lattice. The relation of splittability to modularity and other 
properties is discussed in 8 and part of 5. In 4 we make definite the intuitive 
notion of the “edge” along which the splitting seems geometrically to take 
place; under suitable conditions the two partition classes (“splinters”) have 
isomorphic edges. In 5 we reverse the process of splitting and study the con- 
ditions under which two lattices may be combined to form a single lattice of 
which they are splinters. Here too we find that a principally split lattice is 
modular (distributive) if and only if each splinter has this property and the 
edges are convex in the splinters. In 7 we observe that the splinters from a 
splitting may themselves be splittable, leading to a discussion of successive 
splittings—or chippings, as they may appropriately be called. 

For guidance in the preparation of this paper, the author is indebted to 
Prof. 8. MacLane in the earlier stages and Prof. G. Birkhoff in the later stages. 


1. Definitions and notation. For general definitions and notation in 
lattice theory we refer the reader to Birkhoff’s book [3]; for instance S or = 
denotes the order relation, © and uv the meet and join of two elements, A and V 
the meet and join of more than two. A -+ B is the set union of A and B, 
while © means set inclusion. We may recall some pertinent specialized 
definitions : 


* Received September 13, 1941; Presented in part to the American Mathematical 
Society September 10, 1940. 
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DEFINITION 1.1. In a lattice, an element a covers‘? an element bp, 
denoted b, if a>b but for noc isa>c>b. 


DEFINITION 1.2. A lattice polynomial in 7,,---,2@,,- ~:~: is any finite 
combination of the 2; by ® and v, repetitions being allowed, e. g., 


9 9 v (449 2,)]}. 
Cf. [3], p. 21. 


DEFINITION 1.3. <A lattice J is generated by elements 2,,:--+,@n,°°- 
if L consists of all lattice polynomials in the 2. 

The set of all elements of the lattice makes up one set of generators, but 
there may be much smaller sets. For instance (Birkhoff [1] p. 463-464, [2] 
p. 451; see also the author, [10] p. 330, [11] § 5), there are lattices with only 
three generators which have infinitely many elements. 


DEFINITION 1.4. The length of a lattice polynomial b, denoted by L(b), 
is the number of generators appearing in it, counting repetitions. 

Thus L(2,) =1, L([a,v7,] =3. Note that L(b) =1 if and only 
if b is a generator. It may of course happen that a=), yet L(a) A L(b); 
the length is concerned only with the formal polynomial. This definition (cf. 
[10] p. 325, 326) is of technical use in proofs by induction; it of course 
presupposes a choice of generators. | 


DEFINITION 1.5. An ideal J in a lattice Z is a set of elements of L 
such that aeJ, be J, and ce L, imply avbeJ and a%ceJ. An ideal is 
principal if it is the set of all elements of Z which are contained in (i. e., S) 
some fixed element po; we say that p) generates the ideal. An ideal J is prime 
if aobeJ implies ae J or be J. Dual prefixed to any of these means that 
*« and v, = and = are to be interchanged,’ 

Two equivalent properties ([3] p. 78) will illuminate the situation: 


LemMA 1.1. An ideal J in a lattice L ts prime tf and only if the set 
complement of J in L (denoted by L —J) is a dual ideal. 


LeMMA 1.2. An ideal J in a lattice L is prime if and only if J 1s the 
set of antecedents of 0 under some homomorphism of L on the two element 
lattice [0 <I]. 

DEFINITION 1.6. A lattice L is split if it is partitioned into an ideal 
J’ and a dual ideal J”, each non-void; it is principally split if J’ and J” are 
principal. 


1 Some authors say, “is prime over.” 
2 Dilworth [5] interchanges “ideal” and “dual ideal.” 


> 
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The appropriateness of the term “split” (Birkhoff [4] speaks of a 
“cleavage”; Ward and Dilworth, [9] p. 332, have used “cleavage” in 
extending the idea in a somewhat different direction) les in a rough analogy 
with the case of a log or timber placed on its side and diagonally split. We 
call J’ and J” the bottom and top splinters of LZ, and the partition a splitting 
of LZ. If J’ and J” are principal we frequently denote them by P and D and 
the elements generating them by po and do, and say that po and dp split L. 
There exist lattices which cannot be split; e. g., the characteristic five-element 
modular non-distributive lattice (Birkhoff [3] p. 75, Corollary 2). On the 
other hand, the lemma cited in the introduction shows that FL(n) can be 
split, for given p; then the set J’ of all b such that b= ia x; constitutes a 
principal ideal and the set J” of those such that v7 <b forms a dual principal 
ideal. By the lemma cited, J’ and J” are disjoint and exhaust FL(n) as 
required by Definition 1.6; we may also conclude by Lemma 1.1 that each 


is prime. 


2. Existence theorems. In view of the preceding remarks, we seek 
conditions under which splittings will exist. For clarity we first state the 
results in case the lattice has a finite number of generators (Theorem. 1) and 
then state and prove (Theorem 1’) a more general theorem. We observe that 
if a lattice Z is split, the generators are thereby partitioned into two classes 
C J’ and {yi} CJ”, and for all finite sets R and T, Aieryie J”, 
Viert; so that 

Nieryi Vijeraj. 


Tt turns out that we may essentially reverse this statement. 


THEOREM 1. Let L be a lattice with a finite number of generators, and 
let the generators be exhausted by two (possibly overlapping) non-void sets 
and Then, gwen any element b of L, either 


i j=8 j=8 i=r 
(1) bS Va; or (2) Ay; Sb. If moreover Ay; EV a, (then a fortiori 
j j=1 4=1 


{xi} and {y;} are disjoint) then the partition of L into the sets J’ and J” 
satisfying (1) and (2) respectively is a principal splitting of L. 


THEOREM 1’. Let the generators of a lattice L be exhausted by two non- 
void sets {x;} and {yj}. Given any element b of L, then (A) either (1) 
b= Vierx; for some finite set R, or else (2) Ajeryj Sb for some finite set T. 
Moreover (B) the set J’ of all 6 for which (1) holds is an ideal and the set 
J” of all b for which (2) holds is a dual ideal. (C) If for all finite sets R 
and T, Ajeryj & Viervi, then J’ and J” are disjoint and L is split into them. 
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(D) If besides the conditions of (C), also po = Vat ivi and do = Aait jyj 
exist and are in J’ and J” respectively (e. g., if the number of generators is 


finite) then J’ and J” are principal. 


Proof. That either (1) or (2) must hold is obvious for L(b) —=1; we 
proceed by induction on L(b). If b= Vb, and the statement were not true 
of b, then for all finite sets 7, Ajeryj Eb. Hence, given k, then Ajeryj by 
for all finite 7. By induction, given k, b; = Vier,vi for some finite Rx. 
Consequently ) = Vievxi, where U is the set union of the R;, and so is again 
a finite set as desired. The case b = Ab, is dual. Thus (A) is proved. The 
other statements are then obvious. 

Since in the free lattice FL(n) the conditions of Theorem 1’ C hold by 
[10] Corollary (17) or [11] Theorem 1, we have: 


COROLLARY 2.1. Any partition of the generators of FL(n) into two 


non-void classes determines a splitting of FL(n) with the elements of the 
first class in the bottom splinter. Hence FL(n) has 2" —2 splittings. 


Theorem 1 specializes Theorem 1’ to the case of a finite number of 
renerators, yielding principal splittings. But we can discuss principal splittings 


even if there are infinitely many generators: 


L generated by the x; and y; tf and only if they exist in L and dy + po. 
Whether or not these conditions hold, there are no other principal splittings 
of L. If the conditions do hold, then po = Viera and dy = Ajery; for some 
finite sets R and T. 


THEOREM 2. po = Vai iti and do = Aqui Yj principally split a lattice 


Proof. In the first sentence, “if” follows from Theorem 1’, while 
“only if” is required by Definition 1.6. Now consider any principal splitting, 
say by p and d into P=J’ and D=J”. Let {ai} be the generators of L 
which lie in P. By hypothesis 7; = p for all 1. But by the remarks at the 
beginning of 2, the first condition in Theorem 1’ is satisfied, so p= Vierte 
for some finite R. Thus 7 S for all 1, so is the least upper 
bound of the 2;, and 

Po™ Vail it, 
and dually in D. Thus the splitting is of the form specified, and so are po 
and 

d, and pp will exist, for instance, if the number of generators is finite or 
if the finite chain conditions hold or if J’ and J” are complete ([3] p. 17), 
but in general they need not, since LZ by definition consists of the finite com- 
binations of the generators. For instance, they fail to exist in a chain of 


We 
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ordinal type » + * ‘partitioned into splinters of type » and o*. We may 
extend § 4 of [10] and Theorem 3 of [11] slightly: 


CoRoLLARY 2.2. In FL(n) fork<n< a, 


k n k 
(Vai)u( A covers Va. 
é=1 i=k+1 i=1 
3. Relation of splittability to other properties. Splittability and 
modularity are completely independent.* Sometimes both hold, as with free 
modular lattices with more than one generator, especially that with two 
generators (4 elements), sometimes only splittability, as with free lattices 
with more than two generators, sometimes only modularity, as with the typical 
five-element modular non-distributive lattice ([3] p. 75), and sometimes 
neither as is the case if an extra element is interpolated in one of the chains 
of the lattice just cited. Likewise suitable examples show that splittability 
and the existence of complements are completely independent. 
On the other hand any distributive lattice with more than one element 
can be split. This was shown by Birkhoff, [1] Theorem 21.1 and [4] p. 449, 
and Stone, [8] Theorems 6-7. In fact, they show that given elements a and 6 
such that a b, then there is a splitting with ae J” and beJ’. A much 
simpler proof * can however be given if we wish to show only the splittability. 


4. Edges of the splinters. The geometrical interpretation of splitting 


pointed out in 1 suggests that the imaginary “line” 


along which the 
splitting takes place should in some sense represent an edge of the two 
splinters. For principal splittings, a natural sense seems to be this: in this 
section, we suppose a lattice L is principally split into P and D by p, 
and d,, and make the following 


DEFINITION 4.1. An element a of D is in the edge of D, denoted 
aeE(D), if a covers some element of P; dually for the edge of P. The edge 
of the splitting is the set union of E(D) and F(P). 

The following lemma assures us that the edges as thus defined really 
exist—that there is not a pair of infinite chains of elements approaching the 
intuitive line of cleavage, one from each side, so as to avoid having any element 
of one cover any element of the other. 


*In the sense that the presence or absence of one neither assures nor forbids that 


of the other. See however Theorems 5 and 6. 
‘Not published. See the author’s thesis, Harvard University, 1940, p. 58. 
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LemMA 4.1. If ae D and be P, and b <a, then 
bS (bv do) po XK bu dy = [(bu do) po] vdo Sa. 
Thus budyeE(D) and (bud) * poe E(P). Also dually. 


Proof. beP implies b= po by Definition 1.6, so (budy) po. 
Likewise bud) =a. Obviously 


[(budy) pol S[(bu dy) % po] v do. 
As for the covering relation stated, we have 
(budo) po < bud, 
(equality cannot hold since they are in different splinters), and if 
(1) *p<e<budy 


then either ce P or ce D. In the former case however, c= po soc S (bu dy) * po, 
a contradiction, and in the latter case d) Sc and b S po so by (1), 


budy=[(budo) * ml] Scud —c, 


contrary to the sharp inequality in (1). Thus the covering relation is proved, 
and the rest of the lemma follows immediately. 


CoroLuary 4.1. be H(P) is covered by exactly one element of E(D), 
namely by bu do, and dually for be E(D). 


LemMMA 4.2. (t) If a, and a are in E(D) s0 ts ayuaz. The dual 
refers to E(P). (u) If ae E(D) and beP, then avbe E(D). 


Proof. (%) Say a; covers bie E(P). Now b,vb2€P since P is an ideal, 


so if a, vd, is not in F(D) then 
Ce < dude 
for some ee E(D), by Lemma 4.1. Thus, by Corollary 4. 1, 
€ = (dou v (dou be) = dou (bi Se 
which is impossible. (#7) bud,e E(D) by Lemma 4. 1, so 
aub=(aud)) vb=—av (dovb) 
is in E(D) by (1). 


THEOREM 3. H(D) and E(P) are lattices, though not generally sub- 
lattices of D and P, and as such are isomorphic. 
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Proof. By Corollary 4.1, their elements are in a natural one-to-one 
correspondence. H(D) and E(P) are partially ordered by the inclusion rela- 
tion of L. If a, and a, in H(D) cover respectively b, and b. in H(P), and 
a; Sa, but b, £ bo, then bs << b,ub, =a; but bi P, so Div < ae 
and a2 could not cover b». Hence #(D) and #(P) are isomorphic as partially 
ordered sets. By Lemma 4. 2, any two elements of E(D) have a least upper 
bound in £(D), namely the same as in ZL. Dually, any pair of elements of 
E(P) have a greatest lower bound, so by the isomorphism as partially ordered 
sets, greatest lower bounds exist in H(D), which is therefore a lattice. Dually 
for E(P). 


Note 4.1. do is the zero of H(D), dou po the unit, and dually for E(P). 
That the edges, though lattices, need not be sublattices of D and P (nor 
of Z) is readily shown by an example. 


4.2. If ae D, ce H(D), aid cSa, then cS po) uv do 
which is in E(D). 


Proof. By Lemma 4.1, if c covers c’e H(P), then c Sa po; by the 
isomorphism, ¢ = (a po) v do. 

5. Combination of splinters. Having considered the existence of prin- 
cipal splittings and the properties of their edges, we turn now to the converse 
problem: given two lattices P and D, what about putting them together to 
get a lattice of which they are splinters? 


DEFINITION 5.1. Let there be given disjoint partially ordered sets A 
and B, and subsets H(A) and E(B) thereof, and a correspondence (not neces- 
sarily one-to-one) between the elements of H(A) and E(B). Extend the 
inclusion relation of A and B to the set union A + B by setting ¢, ~ e, if and 
only if 


¢,¢A, coe A, and ¢, in A, or 


1, 
B, coe B, and c, Sc. in B, or 
A, coe B, and there exist H(A) and E(B) such that c, Se 


in A, @¢. = cz in B, and e, corresponds to e, under the given correspondence. 


LemMa 5.1. Under *, A+B is a partially ordered set, and < and 
= coincide between elements of A, likewise between elements of B. 


Proof. Note that b <a is impossible if ae A and be B. It then follows 
from the construction that the postulates for partial ordering ([3] p. 5) hold 
and that ~ coincides with S in A (and in B). 


l 
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THEOREM 4. Suppose that disjoint lattices D and P and subsets E(D) 
and E(P) thereof are given, such that 

(1) E(D) and E(P) are isomorphic partially ordered sets under the 
inclusion relations of D and P, and 

(2) D has a zero do, and P has a wut po, and 

(3) the zero of D is in E(D), and given be D then there is a greatest 
element c of E(D) such that c= b in D, and 

(3’) the dual of (3) holds for E(P). 
Then taking the correspondence which gives the isomorphism as the corre- 
spondence of Definition 5.1, the set union L=P+D ts a lattice under 
*~ , with top splinter D and bottom splinter P and edges E(D) and E(P). 


Conversely, conditions (1)-(3) are necessary that L be principally split 


into D and P with those edges. 


roof. 1e necessity is shown by Theorem ve definition yrincipal, 
Proof. Ti ty is sl by Tl 3, the definition of } l, 
Note 4.1, and Corollary 4.2. To prove sufficiency, we first observe that L is 
partially ordered, by Lemma 5.1. To show L a lattice, we need to find a least 


upper bound for elements a and b. 


Case 1. If aand 6 are both in P: Then av 6b (their lattice join in P) 
is an upper bound in L. In fact it is least, for suppose a ~e and b ¥e. If 
ee P then avb¥e by construction and Lemma 5.1. Otherwise ee D. Then 
of the fe E(D) for which f e there is by (3) a greatest, say e,. Since a <e, 
then f, ~ e for some f,« #(D), where f, corresponds under the isomorphism 
to f’,«E(P) and a¥f’;. Likewise b¥ with similar conditions 
on f. and f’s. By choice of we have e, and f.*e,. Say covers 
e’,<« E(P); then by the isomorphism,  e’; and e’; and all of these 


ere in P, so dub e as desired. 


Case 2. aand b both in D. Then any upper bound is in D too, so au b 


serves also in JL. 


Case 3. be DandaeP. Let a, be the least element of H(P) contain- 
ing a, by (3), and let it correspond to a,”«H(D). Then aa,”, and if 
fe D anda-+f then a,” <f by the dual of the construction of e’; in Case 1. 
Then the lattice union in D, b v a,”, is the least upper bound of a and b in L, 
for b¥g and ag imply ge D and a,” <g. Thus l.u.b. always exists; by 
duality ZL is a lattice. 

L can be principally split into D and P, for let dy be the zero of D and po 
the unit of P. By construction aeP and be D imply bp a; hence do * po. 
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Yet given a, then either ae D or ae P, 80 dy a or a po. This completes 
the proof. 

Thus the top and bottom splinters and edges completely determine the 
lattice unless the edges admit automorphisms; in the latter case, if one corre- 
spondence of the edges yields a lattice, so does any correspondence resulting 
from an automorphism. However, the two lattices obtained may be non- 
isomorphic, as may be shown by suitable examples. 

If § is a subset of LZ, then S is said ([3] p. 9) to be convex in L if when- 
ever a and b are in 8S, c in L, anda<c<b, then c is also in S. If S isa 
convex set with zero a and unit b then we call § an interval sublattice, for it 
consists of all x in the interval a= 2 B, and it will be a sublattice of L. 
We recall ([3] p. 34) that a lattice is modular if and only if it does not con- 
tain a certain five-element sublattice, graphed on page 35 of [3], which we 
shall call NM5._ Its elements obey the relations 


(1) fx<eca (wi) 
(1) f<ccb<a (w) 


THEOREM 5. Jf a@ lattice L is principally split into P and D, then DL 
is modular (or distributive, respectively) if and only if 


(1) P and D are modular (distributive) and 
(II) the edges are interval sublattices of the respective splinters. 


Proof. Condition (1) is obviously necessary. As for (II), we note that 
d, is the zero of E(D) and do v po the unit by Note 4.1. Thus to show (II) 
necessary, we suppose the contrary, that 

dy << po but not in F(D) 
(or dually). Leta—c* po; then ae H(P) by Lemma 4. 2 (ii) since poe E(P). 
Let a be covered by a” e H(D). Then we assert that a, 7, a’, c, and dov po 
form N15. As proof, we see that (1) a@< po < dou po, since ae P implies 
a= and would give contrary to hypothesis, while 
Po Pov do since one is in P and one in D. a< a” << < dou po since 
a’ sc (because one is in E(D) and one is not) and yet a’ —avud)Se. 
(tit) po = Pov ad” po, since 
dyv Po Po Po = dy uv Po 


by construction. (iv) =a, since 


® We may replace “ interval sublattices of ” by “ convex in,” thus formally strength- 
ening the sufficiency but weakening the other half of the theorem. 


f 
l 
| 
f 
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by construction. Thus if (II) fails, Z contains NM5, so (II) is necessary 
for modularity, and a fortiori for distributivity. 

To show sufficiency, suppose that (1) and (II) hold, but Z is not modular, 
Then it has a sublattice NM5, consisting of elements a, b, c, e, f with the 
relations (1)-(w). If all five were in D or all in P then (I) would be violated, 
If four lie in one splinter and one in the other, then the definition of the 
splinters as ideals is violated (e.g., if f« P and the others are in D, then 
be D, ce D, hence by definition of dual ideal boc =f is in D, a contradiction) 
and similarly the only possibility is that 
(1) a,b,c are in D; e,f are in P 
(or dually). In this case, we shall reach a contradiction to hypothesis (1), 
via steps (2) to (8) below. By Corollary 4.2, we may 
(2) let e’ be the least element of H(P) such that e< e’. 

By Lemma 4. 1, e’ = (ev dy) ® po is covered by &” —evd; thus &” =a. By 
construction e” « H(D) and 


dg secre’ 
so by (II), be” and c%e” are in E(D). 


(3) Set and c’ —c%e”, and suppose that they cover b’ and 
in E(P), respectively. ¢c’ = b” =e” by construction. 


Proof. 
b! == 2 = ae’ = 6” 9 =D’, 


the first equality coming from the isomorphism of the edges and the fact that 
b” = e” by the construction of b”; similarly for c’. 


(5) and c’ =b” cannot both hold. 
Proof. If they did, then 
whereas c < b by hypothesis. 
(6) c=c” implies a—e”. 


Proof. Then 


(7) ©”, b”, arid e” are all distinct. 
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Proof. Se”. If =e” then e<b whereas by hypothesis 
0<a=evb,so b”~e”. If then by (5), ae”, so by (6), ce”. 
Then a, b, c, e”, and c’ = b” form an NM5 in D, for 


so that (Wt) bue” =cve” =a and (iv) ba =e’ =c%e”. This contra- 
dicts (1). Hence < < e” and 


(8) ce’ <b’ <e’, by the isomorphism of the edges. We proceed to show 
e’, b’, c’, e, and f an NM5 in P. 


(t\) f<e<ce’ and 


Proof. f<eSe¢ andfSc <b’ <e’ by (4) and (8). If ee’ then 
f=ce=—cre’=C by (4). Conversely if f—c then ee’ by (II), so 
if ee’ or f =c’ then both hold and 


fm =)’ 
contrary to (8). Thus the inequalities are sharp as stated. 
(wi) Dh ve—cve—e’. 


Proof. All are in E(P) by (II) and contain e, and ¢é is the least such 
by choice, whereas c’ ve SB’ ve Se’. 


(iv) for otherwise f << = b%e whereasb*e—f 
by hypothesis. 
Thus we have NM5 in P contrary to (I), and so the theorem is proved 


n the modular case. It remains to show the sufficiency if P and D are dis- 
tributive. Then LZ is at least modular, as we have just shown, and if not 
distributive it must have the standard five-element modular non-distributive 
‘ 


sublattice of [3] p. 75, first part of Figure 10: 


—f. 


But as in the first part of the present sufficiency proof, such a configuration 
must by definition of ideal have all its elements in P or all in D, contrary to 
the hypothesis that these are distributive. The proof is complete. 


Corotuary 5.1. If the edges admit automorphisms, and if L, as con- 
structed in Theorem 4, is modular or distributive for one correspondence, then 
it is so for all correspondences for which the automorphism holds. 


Nore 5.1. If the edges of a principal splitting are convex in the splin- 
ters, then the edges are sublattices of the splinters. For the convexity and 
Note 4. 1 imply that if a and 0 are in an edge so area*b andavb. 
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Lemma 5.2. If a complemented lattice L is principally split, then the 
zero and unit of L are in the edges. 


Proof. has a complement d’). Now d’y«P, for if D then dy* d’y 
= 0<«D by Definition 1.6, and P would be void. Hence by Lemma 4. 2 (ii), 
Dually 0c E(P). 


THEOREM 6. If a complemented modular lattice L can be principally 
split then L can be partitioned into two tsomorphic interval sublattices. 


Proof. Theorem 5 (II) and Lemma 5.2 imply D=E(D) and 
P=H(P). Then Theorem 3 completes the proof. 


remark. We observe that by 3 every finite Boolean algebra satisfies 
the conditions of Theorem 6. In this case however the theorem is easily 
obtainable from the representation by point sets ([3] p. 89). In connection 
with complementation, we may add 


THEOREM 7%. In the free lattice FL(n), for 2<n< w, no element 
other than 0 and I has a complement. 
Proof. Suppose the contrary: 
n n 
(1) avb=I=VxX; (2) 


i=1 i=1 


From [10] Corollary (17) and from hypothesis (1) it follows that, given 4, 
either =a or 2 <5); likewise, given i, either or b=2;. Say 


%,Sa. Case 1: a=2,. Then z,—a. But if and only if i=y, 
so for 11 we must have andb=a2.. Thus a contra- 
diction. Case 2: b= 


6. Non-principal splittings. We seek now to generalize the results of 
the preceding sections to the case of non-principal splittings, though in doing 
so we must sacrifice some of the geometrical interpretation which inspired the 
nomenclature. Suppose the lattice Z is split into J’ and J”. Let % stand for 
the set of all ideals * in the bottom splinter J’, 9¥” for the set of all dual ideals 
in the top splinter J”. We observe that in particular, if S is any fixed subset 
of the elements of J”, then the set of all elements of J’ which are contained 
in every element of S is an ideal and hence is an element of {%’. 


® We may recall in this connection Dilworth’s result ([5] Theorem 2.1): In a 
lattice LZ, let B be an ideal and (a) a principal ideal such that B= (a) and B# (a); 
then there exists an ideal C such that B=C and (a) covers C in the lattice of all 
ideals of L. At first sight this would seem what was needed to generalize the idea of 
edges, but the author has had no success in this direction. 


we 
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DEFINITION 6.1. /F is in the pseudo-edge of J’, denoted Fe E(J’), 
if F is the set of all elements of J’ which are contained in every element of 
some (not necessarily proper) subset 8 of the elements of J”. Then we write 
€(J”) is defined dually. 


In view of the remarks above, we have these relations between sets: 
E(J’) CY and E(J”) CX”. It is readily observed that 


6.1. =T if and only if Te €(J’) ; that is, if 
T =W(S) for some 8. Also dually. 


We consider now the special closure operations XY — (X*)+ and 
Y — (¥t)* discussed by Birkhoff ([3] p. 24-25). He begins with a dyadic 
relation p defined between the members of any two abstract aggregates “J”? 
and “J*”, If X is any subset of “J”, then he denotes by X* the set of 
a* « “I*” such that x p c* for all xe X ; reciprocally, if Y is a subset of “I*”, 
Yt denotes the set of ce“I” such that xpy for all ye Y. In particular we 
may take J’ as “J” and J” as “J*”, and the inclusion relation of L as p. 
Then in the notation of the present section, X* is Y’(X) and Yt is ¥(Y). 
By Birkhoff’s Theorem 2.11, we may conclude that the lattices of subsets 
closed under the closure operations named above are dually isomorphic. What 
are these closed sets in the present case? By Corollary 6.1, they are precisely 
the members of €(J’) and €(J”). This is reminiscent of Theorem 3. We 
may do even better: in the lattices of closed sets in Birkhoff’s theorem, the 


a” 


inclusion relation is set inclusion ; suppose we reverse the order relation in 3 


DEFINITION 6.2.8 If F and G@ are in Y and FCG, then FG. 
If F and G are in 3” and GC F, then F # G. 
Thus the dual isomorphism becomes an isomorphism, so 


THEOREM 3’. €(J’) and E(J”) are isomorphic lattices under *. 


In case J’ and J” are principal (and then in accordance with earlier 
practice would ordinarily be denoted by P and D) we may apply this to prove 
Theorem 3, as follows: 

Lemma 6.1. If J’ and J” are principal then each F which is in €(J’) 
or E(J”) is principal, and its generating element is in E(J’) or E(J”) 
respectively. Conversely, if J’ and'J” are principal and f’e E(J’) ws covered 
by f° e E(J”), then Y({f"}) is generated by f’. 


7Not ‘to be confused with the unit element of a lattice. Also “J*” is not “I’* 
in the sense of his next sentence. 

8 The reader will observe below that the order relation of Definition 5.1 and 
Theorem 4 as applied to ideals is an extension of the relation in Definition 6. 2. 


] 
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Proof. Then do and po (as used in 2-5) exist. Suppose F = (8), 
s is any element of S, and J’ is generated by po. Then F is the principal 
ideal generated by pos, for po*seF by definition, and if fe F then fs 
and f= so fSpo%s. Also pos is in E(J’) by the dual of Lemma 


4,2 (a). The converse part of the lemma is obvious. 


Note 6.1. If J’ and J” are principal then F ~ G for elements of €(J’) 
generated by f and g if and only if f = g; likewise for €(J”’). Thus we may 
obtain Theorem 3 as a corollary of Theorem 3’ and Lemma 6.1, though if the 
details of the proof of Theorem 3’ ([3] p. 24-25) are taken into account 
the proof is no shorter. 


Nore 6.2. The ideals of any lattice form a complete lattice *® under 
set inclusion, for their set intersection will serve as meet, and the ideal 
generated by their set union as join. This seems well known though seldom 
stated; Dilworth ([5] p. 329) essentially gives it (the set of all ideals in a 
lattice does have a unit, namely the whole lattice). We observe however that 
(unlike the ideals of a ring [3] p. 36) the ideals of a lattice need not form a 
modular lattice; this is shown by the ideals of the lattice NW5 used in 5. 

We now consider the generalization of Theorem 4, starting not with a 
splitting of a lattice but rather with two lattices which we seek to exhibit as 
splinters. We have at once, using the correspondence between the pseudo-edges 
given in Corollary 6. 1, 


LemMA 6.2 (5.1’). If the construction of Definition 5.1 is applied to 
E(J’), and E(J”) then the inclusion relations of and Y’ are 
extended to the set union 2 =F + QR” which is thereby partially ordered. 
If in J’ + J” we set a<b when the elements of 2 generated by a and b are 
in this relation, then L =J’ + J” is partially ordered and is isomorphic to 
2 or a subset thereof. 


THeEorEM 4’. If conditions (1) and (3)-(3’) of Theorem 4 hold for 3" 
and Sf (the sets respectively of dual ideals in a lattice J” and of ideals in a 
lattice J’) and subsets €(J”’) and E(J’) thereof, then the set union 2=f +3” 
is a lattice under the construction of Definition 5.1, taking = of that 
definition as the *~ of Definition 6. 2. 


Proof. Sy and 3 are principal with J’ and J” in the réles of po and do, 
and they are lattices by Note 6.2. Then Theorem 4 applied to 9 and 3 
gives the result stated. 


®In the sense of having unrestricted meets and joins. 
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CoroLuary 6.2. If the conditions of Theorem 4 are fulfilled and each 
element of E(J’) and E(J”) is principal then L as constructed in Lemma 6. 2 
is a lattice—the same lattice as obtained by applying Theorem 4 to J’ + J” 
directly, with suitable choice of E(J’) and E(J”). 


Proof. Then in particular J’ and J” are principal. Take for E(J’) and 
E(J”) the generators of the elements of €(J’) and €(J”). Then Theorem 4 
is applicable to J’ + J”, and ab from Theorem 4 if and only if a= 0b from 
Lemma 6. 2. 


TueorEM 4”. If a lattice L and a splitting thereof into J’ and J” are 
given, then the conditions of Theorem 4 are satisfied. L 1s isomorphic to the 
sublattice of & consisting of the elements of & generated by the elements of L. 

Proof. That condition (1) of Theorem 4’ holds follows from Theorem 3’. 
As for (3), suppose that there is given Be ¥”’. Then ¥”’(3’(B)) serves as 
the desired C. Also J” «€(J”), for J” = 

It remains to show the stated isomorphism; that is, if a and b in ZL 
generate A and B in the lattice 2 of Theorem 4’, then ab generates A* B 
and dually. Case 1: A and B both in Y’. Then by Note 6.2, AB is just 
their set intersection. But ab is in A B since A and B are ideals, and if 
ce AB then ce A and ceB so cSa, and cSab. Thus 


avr 


is generated by a%b. Case 2: A and B both in Y””. Then by Theorem 4’ 
their meet A* B in S¥” (that is, the dual ideal generated by their set union) 
is likewise their meet in &. Then for ce AB we have that a*>b Sc by 
Dilworth ([5], Definition 2.1).1° Thus again a* 6 generates A B. Case 3: 
AeY, Then by Theorem 4, ATB=AY(B). Now (B) 
is generated by a*b, fora*be (B), and if ceA*Y(B) then cSa, 
ecb, socSabd. 


, 


THEOREM 5’. For any splitting of a given lattice L, 2= VW +B” ts 
modular (distributive) if and only if conditions (1) and (II) of Theorem 5 
hold for E(J’) and E(J”) in and 

Proof. From Theorem 4” it follows that 2 is split into Y’ and 3”. That 
the splitting is principal is shown by the proof of Theorem 4’. Thus Theorem 
5 is applicable. 

Corotuary 6.3. If the lattice 2 obtained from a given lattice L ts 
modular (distributive) then so is L. 


Proof. By the isomorphism stated in Theorem 4”. 


10 This condition was discovered independently by the author (cf. footnote 4) but 
not published. 
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Nore 6.3. In this connection we call attention to a result of Dilworth 
([5] Lemma 2.2) in a slightly different situation: The lattice of all ideals 
of a fixed lattice Z is modular (distributive) if and only if Z is modular 
(distributive). 


7. Chippings. Each splinter of a lattice LZ is again a (sub-) lattice 
under the original inclusion relation. Thus a splinter may itself be splittable, 
and so on. This leads us to consider the result of successive splittings S,, S2, 
etc. We view the S; as operations on the lattices which they split and indirectly 
on L, and call the resulting partitions of the elements of Z chippings, denoted 
Cy», = (L, We suppose m finite though perhaps unbounded. 

A partition class ¢ of the chipping C,, is called a chip of C,,, and we 
write ceC,,. Each chip is a convex sublattice of L, but the converse is not 
true; cf. 8. The operations S; are obviously permutable if the chips which 
they split have no elements in common; thus the sequence of splittings—the 
path—by which a chipping can be obtained is not unique. The difference can 
be even greater, as may be seen by considering /L(2). However, the number 
of chips of Cm (hence the number of splittings by which it is obtained) is 
invariant. 

We shall say C’ > C” if and only if C” can be obtained from C” by 
further splitting. This direction of the inclusion sign is contrary to the con- 
cept of C” as a suécessor of C’, but accords with customary usage for partitions 
(cf. [3] p. 6; [6]). Obviously, for chips c’ C’ and c” the set intersection 
c’c’”’ is a convex sublattice of L; if C’ = C”, then c’c” 
= Sm), and k is given, we denote by ge (Cx, Sm) 
the smallest number of the given splittings by which one can obtain from Cx 


is &’ or void. If ce Cm 


a chipping with ¢ as a chip. We may say that c is of the g.-th generation 


after C;. We write 


g (Cx, Sn) == max Cr, Sm). 
ceCm 
By definition, gc(Cx, Ski1,° *;Sm) and g(Cx, *,Sm) are inde- 


pendent of the path by which C; is obtained, but they may depend on 


*;Sm. Obviously 


LEMMA g(Cr, Sms; ) g (Cx, Sm) g(Cm, Sinsj)- 


are the non-void set intersections where c’ eC’ and &’«C”, and 


(2) S”,) and g(C”, = S’m). 
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We denote C’”’, which is uniquely determined by (1), by C’* C”. Condition 
(2) serves for induction. 


Proof. The intended paths being obvious, we abbreviate g(C’,--- , S’p) 
to g(C’/C’»). The lemma is easily verified if g(Cx/C’) or g(Ci/C”) is zero 
or both are 1. Then we proceed by induction on z = g(Cx/C’) + 9(Cx/C”). 
Suppose the lemma is true for z < 2» and that we have C’ and C” with z = 2. 
If this has not already been taken care of, then say g(Cx/C”) =p>1. 
It is easily seen that there is another path to 0”, say C” = (L,- - -, Sk, 
S*n), such that for some j, g(Cx/C*x.j) =1 and g(C*n5/C”) 
=p—1. Denote C*:,; by C*. Now 


9(Cx/C") + g(Cu/C*) = 9(Cx/C’) +1 < 2, 
so by induction there exists C*, and g(C*/C’* C*) = g(Cx/C’). Then 
g(C*/C") + 9(C*/C’* C*) Sp—1+9(Cr/C’) < 2, 
so again by induction there exists (C’ * C*) © C”, which we call C’”’. One can 


verify that (1) and (2) hold. Q.E.D. We may remark that it would not 
suffice to make an induction on the length of the path, for this does not obey (2). 


THEOREM 8. The set of all chippings of a lattice is a lattice. 


Proof. We use the inclusion relation defined above. The 0’*C” of 
Lemma 7, 2 is a lower bound to C’ and C” by construction; that it is greatest 
follows from (1) of that lemma. As for least upper bound, we observe that 
the ascending chain condition holds and that the set of chippings has a unit, 
namely (Z). Then least upper bounds exist by an argument like the proof of 
Theorem 2.2 of [3] (p. 17). 

Condition (1) of Lemma 7.2 shows that C’*C” is just the common 
refinement of C’ and C” as partitions ; however, examples (using the convexity 
of chips) show that the join of C’ and C” as partitions need not be a chipping. 
Thus the lattice of chippings is not a sublattice of the lattice of all partitions. 
In fact, though the latter is a matroid lattice (Birkhoff [3] p. 67) the former 
need not be, as is seen in the case of FL(2). 

From Theorem 8 we seé that the unsplittable chips of a lattice are uniquely 
determined. From 3 it follows that any finite distributive lattice has a chipping 
whose chips consist of single elements. Also, we might consider only principal 
splittings. The above arguments (e. g., Theorem 8) can equally well be carried 
out under this restriction. In this case we can define the edge of a chipping 
as the collection of all the elements of the edges of the splittings involved, 
with proper multiplicity. By examining simple cases as in the proof of Lemma 
7.2, and induction as in the proof of the Jordan-Hélder Theorem, it can be 
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shown that the edge of a chipping C is independent of the path by which C 
is reached. 


8. Unsolved problems. (1) Characterize lattices of partitions*! ([3] 
p. 146). This would, be partly done if one could show that FLZ(n) could be 
represented as such a lattice. (2) Characterize C’ v C” (7). (3) Can Stone’s 
and Birkhoff’s work (cited in 3) on splitting distributive lattices be generalized ? 
We know from 38 that not every modular lattice can be split. Ward and 
Dilworth have generalized this work in a slightly different direction ([9] 
p. 382). (4) What further properties has the lattice of all chippings of a fixed 
lattice ? 
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